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Chapter 1. The Generalization of Ramanujan nested radicals 
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Chapter 2. The Generalization of Euler’s formula 
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( 𝑘 = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 ) 

Chapter 3. The Generalization of Newton Identities 

𝑃௞ = 𝑎ଵ
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௞ + 𝑎ଷ
௞ + 𝑎ସ

௞ + 𝑎ହ
௞      ( 𝑘 = 1, 3, 5, 7, 9 ) 

𝐺ଵ = −𝑃ଵ 

𝐺ଷ = (𝑃ଵ
ଷ − 𝑃ଷ) 3⁄  

𝐺ହ = (𝑃ଵ
ହ − 𝑃ହ) 5⁄  
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Chapter 4. The Generalization of Ramanujan Identity 
𝑃௞ = 𝑎ଵ

௞ + 𝑎ଶ
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௞ − 𝑏ଵ
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௞       ( 𝑘 = 1, 2, 3, 4, 5, 6 ) 

𝑆ଵ = (𝑃ଵ) 1⁄  

𝑆ଶ = (𝑃ଶ + 𝑆ଵ𝑃ଵ) 2⁄  

𝑆ଷ = (𝑃ଷ + 𝑆ଵ𝑃ଶ + 𝑆ଶ𝑃ଵ) 3⁄  

𝑆ସ = (𝑃ସ + 𝑆ଵ𝑃ଷ + 𝑆ଶ𝑃ଶ + 𝑆ଷ𝑃ଵ) 4⁄  

𝑆ହ = (𝑃ହ + 𝑆ଵ𝑃ସ + 𝑆ଶ𝑃ଷ + 𝑆ଷ𝑃ଶ + 𝑆ସ𝑃ଵ) 5⁄  

𝑆଺ = (𝑃଺ + 𝑆ଵ𝑃ହ + 𝑆ଶ𝑃ସ + 𝑆ଷ𝑃ଷ + 𝑆ସ𝑃ଶ + 𝑆ହ𝑃ଵ) 6⁄  
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Chapter 5. The Generalization of the Prouhet-Tarry-Escott Problem 

22 × 22 × 33 × 33 × 56 × 56 × 84 × 84 = 21 × 24 × 28 × 42 × 44 × 66 × 77 × 88 

22௞ + 22௞ + 33௞ + 33௞ + 56௞ + 56௞ + 84௞ + 84௞ = 21௞ + 24௞ + 28௞ + 42௞ + 44௞ + 66௞ + 77௞ + 88௞ 

( 𝑘 = −3, −2, −1, 1, 2, 3 ) 
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Chapter 1 

The Generalization of Ramanujan nested radicals 

 

Theorem 1.1. (Chen Shuwen, 2021/7/25) 

Let 𝑝௜  be odd primes, 𝑘௜ be positive integers. Then 

(1) for any integer ℎ > 1, 

2
(ଶ ෑ

௣೔ିଵ
ଶ

௣
೔

ೖ೔షభ
)

೓

೔సభ − 1 ≡ 0 ቌ𝑚𝑜𝑑 ෑ 𝑝௜
௞೔

௛

௜ୀଵ

ቍ 

(2) for 𝑝ଵ ≡ ±1(𝑚𝑜𝑑 8), 

2
ቀ

௣భିଵ
ଶ

௣భ
ೖభషభ

ቁ
− 1 ≡ 0൫𝑚𝑜𝑑 𝑝ଵ

௞భ൯ 

(3) for 𝑝ଵ ≡ ±3(𝑚𝑜𝑑 8), 

2(
௣భିଵ

ଶ
௣భ

ೖభషభ
) + 1 ≡ 0(𝑚𝑜𝑑 𝑝ଵ

௞భ) 

 

Example 1.1. 

2
ଶቀ

଻ିଵ
ଶ

∗଻బቁቀ
ଵ଴ଷଵ

ଶ
∗ଵ଴ଷଵభቁቀ

ଵଽିଵ
ଶ

∗ଵଽమቁ
− 1 ≡ 0൫𝑚𝑜𝑑(7 ∗ 19ଷ ∗ 1031ଶ)൯ 

2ଶ(ଵ଼∗ସଵ) − 1 ≡ 0(𝑚𝑜𝑑(37 ∗ 83)) 

2଼∗ଵ଻ − 1 ≡ 0൫𝑚𝑜𝑑(17ଶ)൯ 

2ଷ∗଻య
− 1 ≡ 0൫𝑚𝑜𝑑(7ସ)൯ 

2ଽ∗ଵଽ + 1 ≡ 0൫𝑚𝑜𝑑(19ଶ)൯ 

2ଶ଺ + 1 ≡ 0൫𝑚𝑜𝑑(53)൯ 

2ଶ଺∗ହଷయ
+ 1 ≡ 0(𝑚𝑜𝑑(53ସ)) 

 

Theorem 1.2. (Chen Shuwen, 2021/7/22, proved by using Theorem 1.1) 

For any rational number 
௡

௠
, both sin(

௡గ

௠
) and cos(

௡గ

௠
) can be represented as cyclic infinite nested square 

roots of 2, of which the cyclic period is less than 
௠ିଵ

ଶ
. 

 

Example 1.2. 

2 sin ቀ
గ

ଵ଼
ቁ = ඩ2 − ඨ2 + ට2 + 2sin (

గ

ଵ଼
)  (Ramanujan) 
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2 cos ቀ
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ቁ     (Sivakumar Krishnamoorthi) 

 

Example 1.3. (Chen Shuwen, July 2021) 
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⃓⃓
⃓⃓
⃓⃓
⃓⃓
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2 +
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⃓⃓
⃓⃓
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2 −
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⃓⃓
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⃓⃓
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2 −

⎷
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⃓⃓
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ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 − ඪ2 + ඩ2 − ඨ2 + ට2 − 2cos
𝜋

37
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2cos
𝜋

39
=

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 − ඪ2 − ඩ2 + ඨ2 − ට2 − 2cos
𝜋

39
 

2cos
𝜋

41
=

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 + ඪ2 − ඩ2 + ඨ2 + ට2 − 2cos
𝜋

41
 

2cos
𝜋

43
=

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 + ඪ2 + ඩ2 − ඨ2 − ට2 − 2cos
𝜋

43
 

2cos
𝜋

45
=

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 + ඪ2 − ඩ2 − ඨ2 + ට2 − 2cos
𝜋

45
 

2cos
𝜋

47
=

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 − ඪ2 + ඩ2 + ඨ2 − ට2 − 2cos
𝜋

47
 

2cos
𝜋

49
=

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 − ඪ2 + ඩ2 + ඨ2 + ට2 − 2cos
𝜋

49
 

 

Example 1.4. (Chen Shuwen, July 2021) 

2cos
𝜋

13
=

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 + ඪ2 − ඩ2 − ඨ2 + ට2 − 2cos
𝜋

13
 

2cos
2𝜋

13
=

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 − ඪ2 + ඩ2 − ඨ2 + 2cos
2𝜋

13
 

2sin
𝜋

13
= ඨ2 − 2cos

2𝜋

13
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2cos
𝜋

26
= ට2 + 2cos

𝜋

13
 

2cos
𝜋

52
= ඨ2 + ට2 + 2cos

𝜋

13
 

2cos
𝜋

104
= ඩ2 + ඨ2 + ට2 + 2cos

𝜋

13
 

2sin
𝜋

104
= ඩ2 − ඨ2 + ට2 + 2cos

𝜋

13
 

2sin
𝜋

208
= ඪ2 − ඩ2 + ඨ2 + ට2 + 2cos

𝜋

13
 

2sin
27𝜋

208
= ඪ2 − ඩ2 − ඨ2 − ට2 + 2cos

𝜋

13
 

2sin
77𝜋

208
= ඪ2 + ඩ2 − ඨ2 − ට2 + 2cos

𝜋

13
 

2sin
79𝜋

208
= ඪ2 + ඩ2 + ඨ2 − ට2 + 2cos

𝜋

13
 

 

Example 1.5. (Chen Shuwen, July 2021) 

2 cos
𝜋

19
=

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 + ඪ2 − ඩ2 − ඨ2 − ට2 − 2cos 
𝜋

19
 

2 cos
2𝜋

19
=

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 − ඪ2 − ඩ2 − ඨ2 + 2 cos
2𝜋

19
 

2 cos
3𝜋

19
=

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 + ඪ2 + ඩ2 + ඨ2 − 2cos
3𝜋

19
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2 cos
4𝜋

19
=

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 − ඪ2 − ඩ2 + ඨ2 + 2cos 
4𝜋

19
 

2 cos
5𝜋

19
=

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 − ඪ2 + ඩ2 − ඨ2 − 2cos 
5𝜋

19
 

2 cos
6𝜋

19
=

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 + ඪ2 + ඩ2 − ඨ2 + 2cos
6𝜋

19
 

2 cos
7𝜋

19
=

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 + ඪ2 − ඩ2 + ඨ2 − 2cos 
7𝜋

19
 

2 cos
8𝜋

19
=

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 − ඪ2 + ඩ2 + ඨ2 + 2cos 
8𝜋

19
 

2 cos
9𝜋

19
=

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 + ඪ2 − ඩ2 − ඨ2 − 2cos 
9𝜋

19
 

 

Example 1.6. (Chen Shuwen, August 2021) 

2 cos
355𝜋

113
= −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 + ඪ2 + ඩ2 + ඨ2 − 2 cos
355𝜋

113
 

2cos
𝜋

65537
=

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 + ඪ2 + ඩ2 + ඨ2 + ට2 − 2cos
𝜋

65537
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2 cos
𝜋

1729

=

⎷
⃓⃓
⃓
⃓⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ⃓

2 +

⎷
⃓⃓
⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 +

⎷
⃓⃓
⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓
⃓⃓
⃓
⃓⃓
⃓
⃓⃓
⃓
⃓⃓
⃓
⃓⃓
⃓
⃓⃓
⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓⃓
⃓
⃓⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 −

⎷
⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 + ඪ2 + ඩ2 + ඨ2 + ට2 − 2cos 
𝜋

1729
 

2 cos
𝜋

641

=

⎷
⃓⃓
⃓⃓
⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓⃓
⃓
ለ

2 +

⎷
⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓⃓
⃓
ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓
⃓⃓
⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓
ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 +

⎷
⃓⃓
⃓
⃓⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓
⃓⃓
⃓⃓
⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 +

⎷
⃓⃓
⃓
⃓⃓
⃓
⃓⃓
⃓
⃓⃓
⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

2 −

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

2 + ඪ2 + ඩ2 + ඨ2 + ට2 − 2 cos
𝜋

641
 

 

Identities 1.1. (Chen Shuwen, 2021/8/5) 

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

1 + 0

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

1 + 1

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

1 + 2

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

1 + 3

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

1 + 4

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

1 + 5

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

1 + 6ඪ1 + 7ඩ1 + 8ඨ1 + 9ට1 + 10√1 + ⋯ = 1 

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

1 + 1

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

1 + 2

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

1 + 3

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

1 + 4

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

1 + 5

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

1 + 6ඪ1 + 7ඩ1 + 8ඨ1 + 9ට1 + 10√1 + ⋯ = 2 

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

1 + 2

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

1 + 3

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

1 + 4

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

1 + 5
ඪ

1 + 6ඩ1 + 7ඨ1 + 8ට1 + 9ඥ1 + 10√1 + ⋯ = 3      (Ramanujan) 

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

1 + 3

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

1 + 4

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

1 + 5
ඪ

1 + 6ඩ1 + 7ඨ1 + 8ට1 + 9ඥ1 + 10√1 + ⋯ = 4   

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

1 + 4

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

1 + 5

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

1 + 6ඪ1 + 7ඩ1 + 8ඨ1 + 9ට1 + 10√1 + ⋯ = 5 

… … 
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Identities 1.2. (Chen Shuwen, 2021/8/5) 

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

1 + 0 × 1

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 + 1 × 2

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

3 + 2 × 3

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

4 + 3 × 4ඪ5 + 4 × 5ඩ6 + 5 × 6ඨ7 + 6 × 7ට8 + 7 × 8√9 + ⋯
య

యయయయయయయయ

= 1 

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

2 + 1 × 2

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

3 + 2 × 3

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

4 + 3 × 4ඪ5 + 4 × 5ඩ6 + 5 × 6ඨ7 + 6 × 7ට8 + 7 × 8√9 + ⋯
య

యయయయయయయ

= 2 

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓

ለ⃓

3 + 2 × 3

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

4 + 3 × 4ඪ5 + 4 × 5ඩ6 + 5 × 6ඨ7 + 6 × 7ට8 + 7 × 8√9 + ⋯
య

యయయయయయ

= 3 

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓
ለ

4 + 3 × 4ඪ5 + 4 × 5ඩ6 + 5 × 6ඨ7 + 6 × 7ට8 + 7 × 8√9 + ⋯
య

యయయయయ

= 4 

ඪ5 + 4 × 5ඩ6 + 5 × 6ඨ7 + 6 × 7ට8 + 7 × 8√9 + ⋯
య

యయయయ

= 5 

… … 

 

Reference 1.1. 
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Chapter 2 

The Generalization of Euler's formula 

 

Formula 2.1. (Chen Shuwen, 2021/7/28) 

෍ 𝑒
(ିଵ)ೖశభ 

௞௜గ
௡ + 1 = 0

௡

௞ୀଵ

 

( 𝑛 is odd integer and 𝑛 ≥ 1 )  

 

Example 2.1. (Chen Shuwen, 2021/7/28) 

𝑒
భ೔ഏ

భ + 1 = 0     (Euler) 

𝑒
ଵ௜గ

ଷ + 𝑒ି
ଶ௜గ

ଷ + 𝑒
ଷ௜గ

ଷ + 1 = 0 

𝑒
ଵ௜గ

ହ + 𝑒ି
ଶ௜గ

ହ + 𝑒
ଷ௜గ

ହ + 𝑒ି
ସ௜గ

ହ + 𝑒
ହ௜గ

ହ + 1 = 0 

𝑒
ଵ௜గ

଻ + 𝑒ି
ଶ௜గ

଻ + 𝑒
ଷ௜గ

଻ + 𝑒ି
ସ௜గ

଻ + 𝑒
ହ௜గ

଻ + 𝑒ି
଺௜గ

଻ + 𝑒
଻௜గ

଻ + 1 = 0 

𝑒
ଵ௜గ

ଽ + 𝑒ି
ଶ௜గ

ଽ + 𝑒
ଷ௜గ

ଽ + 𝑒ି
ସ௜గ

ଽ + 𝑒
ହ௜గ

ଽ + 𝑒ି
଺௜గ

ଽ + 𝑒
଻௜గ

ଽ + 𝑒ି
଼௜గ

ଽ + 𝑒
ଽ௜గ

ଽ + 1 = 0 

𝑒
௜గ
ଵଵ + 𝑒ି

ଶ௜గ
ଵଵ + 𝑒

ଷ௜గ
ଵଵ + 𝑒ି

ସ௜గ
ଵଵ + 𝑒

ହ௜గ
ଵଵ + 𝑒ି

଺௜గ
ଵଵ + 𝑒

଻௜గ
ଵଵ + 𝑒ି

଼௜గ
ଵଵ + 𝑒

ଽ௜గ
ଵଵ + 𝑒ି

ଵ଴௜గ
ଵଵ + 𝑒

ଵଵ௜గ
ଵଵ + 1 = 0 

 

Formula 2.1.1. (Simplification of Formula 2.1.  Chen Shuwen, 2021/7/28) 

෍ 𝑒
(ିଵ)ೖశభ 

௞௜గ
௡ = 0

௡ିଵ

௞ୀଵ

 

( 𝑛 is odd integer and 𝑛 ≥ 3 )  

 

Example 2.1.1 

𝑒
ଵ௜గ

ଷ + 𝑒ି
ଶ௜గ

ଷ = 0 

𝑒
ଵ௜గ

ହ + 𝑒ି
ଶ௜గ

ହ + 𝑒
ଷ௜గ

ହ + 𝑒ି
ସ௜గ

ହ = 0 

𝑒
ଵ௜గ

଻ + 𝑒ି
ଶ௜గ

଻ + 𝑒
ଷ௜గ

଻ + 𝑒ି
ସ௜గ

଻ + 𝑒
ହ௜గ

଻ + 𝑒ି
଺௜గ

଻ = 0 

𝑒
ଵ௜గ

ଽ + 𝑒ି
ଶ௜గ

ଽ + 𝑒
ଷ௜గ

ଽ + 𝑒ି
ସ௜గ

ଽ + 𝑒
ହ௜గ

ଽ + 𝑒ି
଺௜గ

ଽ + 𝑒
଻௜గ

ଽ + 𝑒ି
଼௜గ

ଽ = 0 

𝑒
௜గ
ଵଵ + 𝑒ି

ଶ௜గ
ଵଵ + 𝑒

ଷ௜గ
ଵଵ + 𝑒ି

ସ௜గ
ଵଵ + 𝑒

ହ௜గ
ଵଵ + 𝑒ି

଺௜గ
ଵଵ + 𝑒

଻௜గ
ଵଵ + 𝑒ି

଼௜గ
ଵଵ + 𝑒

ଽ௜గ
ଵଵ + 𝑒ି

ଵ଴௜గ
ଵଵ = 0 



Chen Shuwen’s Notebooks (Part I, 1st Edition) 

11 
 

Formula 2.2. (Chen Shuwen, 2021/7/6) 

෍(−1)௞ାଵ𝑒  
௞௜గ

௡ = 0

௡

௞ୀଵ

 

( 𝑛 is odd integer and 𝑛 ≥ 3 )  

 

Example 2.2. (Chen Shuwen, 2021/7/6) 

𝑒
௜గ
ଷ − 𝑒

ଶ௜గ
ଷ + 𝑒

ଷ௜గ
ଷ = 0 

𝑒
௜గ
ହ − 𝑒

ଶ௜గ
ହ + 𝑒

ଷ௜గ
ହ − 𝑒

ସ௜గ
ହ + 𝑒

ହ௜గ
ହ = 0 

𝑒
௜గ
଻ − 𝑒

ଶ௜గ
଻ + 𝑒

ଷ௜గ
଻ − 𝑒

ସ௜గ
଻ + 𝑒

ହ௜గ
଻ − 𝑒

଺௜గ
଻ + 𝑒

଻௜గ
଻ = 0 

𝑒
௜గ
ଽ − 𝑒

ଶ௜గ
ଽ + 𝑒

ଷ௜గ
ଽ − 𝑒

ସ௜గ
ଽ + 𝑒

ହ௜గ
ଽ − 𝑒

଺௜గ
ଽ + 𝑒

଻௜గ
ଽ − 𝑒

଼௜గ
ଽ + 𝑒

ଽ௜గ
ଽ = 0 

𝑒
௜గ
ଵଵ − 𝑒

ଶ௜గ
ଵଵ + 𝑒

ଷ௜గ
ଵଵ − 𝑒

ସ௜గ
ଵଵ + 𝑒

ହ௜గ
ଵଵ − 𝑒

଺௜గ
ଵଵ + 𝑒

଻௜గ
ଵଵ − 𝑒

଼௜గ
ଵଵ + 𝑒

ଽ௜గ
ଵଵ − 𝑒

ଵ଴௜గ
ଵଵ + 𝑒

ଵଵ௜గ
ଵଵ = 0 

 

Formula 2.2.1. (Simplification of Formula 2.2.  Chen Shuwen, 2021/7/6) 

෍(−1)௞ାଵ𝑒  
௞௜గ

௡ = 1

௡ିଵ

௞ୀଵ

 

( 𝑛 is odd integer and 𝑛 ≥ 3 )  

 

Example 2.2.1 

𝑒
௜గ
ଷ − 𝑒

ଶ௜గ
ଷ = 1 

𝑒
௜గ
ହ − 𝑒

ଶ௜గ
ହ + 𝑒

ଷ௜గ
ହ − 𝑒

ସ௜గ
ହ = 1 

𝑒
௜గ
଻ − 𝑒

ଶ௜గ
଻ + 𝑒

ଷ௜గ
଻ − 𝑒

ସ௜గ
଻ + 𝑒

ହ௜గ
଻ − 𝑒

଺௜గ
଻ = 1 

𝑒
௜గ
ଽ − 𝑒

ଶ௜గ
ଽ + 𝑒

ଷ௜గ
ଽ − 𝑒

ସ௜గ
ଽ + 𝑒

ହ௜గ
ଽ − 𝑒

଺௜గ
ଽ + 𝑒

଻௜గ
ଽ − 𝑒

଼௜గ
ଽ = 1 

 

Formula 2.3. (Euler, Infinite analysis Introduction) 

cos 𝑧 + ෍(−1)௞ (cos(
𝑘𝜋

𝑛
+ 𝑧) + cos(

𝑘𝜋

𝑛
− 𝑧)) = 0

௡
ଶ

ିଵ

௞ୀଵ

 

( 𝑛 is odd integer and 𝑛 ≥ 3, 𝑧 is real number. ) 

It is equivalent to 

෍(−1)௞ cos(
𝑘𝜋

𝑛
+ 𝑧) = 0

௡ିଵ

௞ୀ଴
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Example 2.3. (Euler) 

cos 𝑧 − cos ቀ
𝜋

3
+ 𝑧ቁ + cos ൬

2𝜋

3
+ 𝑧൰ = 0 

cos 𝑧 − cos ቀ
𝜋

5
+ 𝑧ቁ + cos ൬

2𝜋

5
+ 𝑧൰ − cos ൬

3𝜋

5
+ 𝑧൰ + cos ൬

4𝜋

5
+ 𝑧൰ = 0 

cos 𝑧 − cos ቀ
𝜋

7
+ 𝑧ቁ + cos ൬

2𝜋

7
+ 𝑧൰ − cos ൬

3𝜋

7
+ 𝑧൰ + cos ൬

4𝜋

7
+ 𝑧൰ − cos ൬

5𝜋

7
+ 𝑧൰ + cos ൬

6𝜋

7
+ 𝑧൰ = 0 

 

Example 2.3.1 (𝑧 = 0) 

cos ൬
1𝜋

3
൰ =

1

2
 

cos ൬
1𝜋

5
൰ + cos ൬

3𝜋

5
൰ =

1

2
 

cos ൬
1𝜋

7
൰ + cos ൬

3𝜋

7
൰ + cos ൬

5𝜋

7
൰ =

1

2
 

cos ൬
1𝜋

9
൰ + cos ൬

3𝜋

9
൰ + cos ൬

5𝜋

9
൰ + cos ൬

7𝜋

9
൰ =

1

2
 

cos ൬
1𝜋

11
൰ + cos ൬

3𝜋

11
൰ + cos ൬

5𝜋

11
൰ + cos ൬

7𝜋

11
൰ + cos ൬

9𝜋

11
൰ =

1

2
 

cos ൬
1𝜋

13
൰ + cos ൬

3𝜋

13
൰ + cos ൬

5𝜋

13
൰ + cos ൬

7𝜋

13
൰ + cos ൬

9𝜋

13
൰ + cos ൬

11𝜋

13
൰ =

1

2
 

 

Formula 2.4. (Chen Shuwen, 2021/7/7) 

෍(−1)௞ ൬cos(
𝑘𝜋

𝑛
+ 𝑧)൰

௛

= 0

௡ିଵ

௞ୀ଴

 

( 𝑛 is odd integer and 𝑛 ≥ 3, 𝑧 is real number. ℎ = 1,3, … , 𝑛 − 2 ) 

 

Example 2.4.1 (Chen Shuwen, July 2021) 

cosଵ ൬
1𝜋

7
+ 𝑧൰ + cosଵ ൬

3𝜋

7
+ 𝑧൰ + cosଵ ൬

5𝜋

7
+ 𝑧൰ = cosଵ ൬

0𝜋

7
+ 𝑧൰ + cosଵ ൬

2𝜋

7
+ 𝑧൰ + cosଵ ൬

4𝜋

7
+ 𝑧൰ + cosଵ ൬

6𝜋

7
+ 𝑧൰ 

cosଷ ൬
1𝜋

7
+ 𝑧൰ + cosଷ ൬

3𝜋

7
+ 𝑧൰ + cosଷ ൬

5𝜋

7
+ 𝑧൰ = cosଷ ൬

0𝜋

7
+ 𝑧൰ + cosଷ ൬

2𝜋

7
+ 𝑧൰ + cosଷ ൬

4𝜋

7
+ 𝑧൰ + cosଷ ൬

6𝜋

7
+ 𝑧൰ 

cosହ ൬
1𝜋

7
+ 𝑧൰ + cosହ ൬

3𝜋

7
+ 𝑧൰ + cosହ ൬

5𝜋

7
+ 𝑧൰ = cosହ ൬

0𝜋

7
+ 𝑧൰ + cosହ ൬

2𝜋

7
+ 𝑧൰ + cosହ ൬

4𝜋

7
+ 𝑧൰ + cosହ ൬

6𝜋

7
+ 𝑧൰ 

 

Example 2.4.2 (Chen Shuwen, July 2021) 

cosଵ ൬
1𝜋

7
൰ + cosଵ ൬

3𝜋

7
൰ + cosଵ ൬

5𝜋

7
൰ = cosଵ ൬

0𝜋

7
൰ + cosଵ ൬

2𝜋

7
൰ + cosଵ ൬

4𝜋

7
൰ + cosଵ ൬

6𝜋

7
൰ =

1

2
 

cosଷ ൬
1𝜋

7
൰ + cosଷ ൬

3𝜋

7
൰ + cosଷ ൬

5𝜋

7
൰ = cosଷ ൬

0𝜋

7
൰ + cosଷ ൬

2𝜋

7
൰ + cosଷ ൬

4𝜋

7
൰ + cosଷ ൬

6𝜋

7
൰ =

1

2
 

cosହ ൬
1𝜋

7
൰ + cosହ ൬

3𝜋

7
൰ + cosହ ൬

5𝜋

7
൰ = cosହ ൬

0𝜋

7
൰ + cosହ ൬

2𝜋

7
൰ + cosହ ൬

4𝜋

7
൰ + cosହ ൬

6𝜋

7
൰ =

1

2
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Example 2.4.3 (Chen Shuwen, July 2021) 

cos (
𝜋

27
)ଵ + cos (

5𝜋

27
)ଵ + cos (

7𝜋

27
)ଵ + cos (

11𝜋

27
)ଵ + cos (

13𝜋

27
)ଵ = cos (

2𝜋

27
)ଵ + cos (

4𝜋

27
)ଵ + cos (

8𝜋

27
)ଵ + cos (

10𝜋

27
)ଵ 

cos (
𝜋

27
)ଷ + cos (

5𝜋

27
)ଷ + cos (

7𝜋

27
)ଷ + cos (

11𝜋

27
)ଷ + cos (

13𝜋

27
)ଷ = cos (

2𝜋

27
)ଷ + cos (

4𝜋

27
)ଷ + cos (

8𝜋

27
)ଷ + cos (

10𝜋

27
)ଷ 

cos (
𝜋

27
)ହ + cos (

5𝜋

27
)ହ + cos (

7𝜋

27
)ହ + cos (

11𝜋

27
)ହ + cos (

13𝜋

27
)ହ = cos (

2𝜋

27
)ହ + cos (

4𝜋

27
)ହ + cos (

8𝜋

27
)ହ + cos (

10𝜋

27
)ହ 

cos (
𝜋

27
)଻ + cos (

5𝜋

27
)଻ + cos (

7𝜋

27
)଻ + cos (

11𝜋

27
)଻ + cos (

13𝜋

27
)଻ = cos (

2𝜋

27
)଻ + cos (

4𝜋

27
)଻ + cos (

8𝜋

27
)଻ + cos (

10𝜋

27
)଻ 

 

Example 2.4.4 (Chen Shuwen, July 2021) 

sin௞ ቀ
𝜋

54
ቁ + sin௞ ൬

5𝜋

54
൰ + sin௞ ൬

7𝜋

54
൰ + sin௞ ൬

11𝜋

54
൰ + sin௞ ൬

13𝜋

54
൰ + sin௞ ൬

17𝜋

54
൰ + sin௞ ൬

19𝜋

54
൰ + sin௞ ൬

23𝜋

54
൰ + sin௞ ൬

25𝜋

54
൰

= sin௞ ൬
2𝜋

54
൰ + sin௞ ൬

4𝜋

54
൰ + sin௞ ൬

8𝜋

54
൰ + sin௞ ൬

10𝜋

54
൰ + sin௞ ൬

14𝜋

54
൰ + sin௞ ൬

16𝜋

54
൰ + sin௞ ൬

20𝜋

54
൰ + sin௞ ൬

22𝜋

54
൰ + sin௞ ൬

26𝜋

54
൰ 

( 𝑘 = 2, 4, 6, 8, 10, 12, 14, 16 ) 

 

Example 2.4.5 (Chen Shuwen, 2021/7/4) 

(cos
0𝜋

11
)

௞

+ (cos
2𝜋

11
)

௞

+ (cos
2𝜋

11
)

௞

+ (cos
4𝜋

11
)

௞

+ (cos
4𝜋

11
)

௞

+ (cos
6𝜋

11
)

௞

+ (cos
6𝜋

11
)

௞

+ (cos
8𝜋

11
)

௞

+ (cos
8𝜋

11
)

௞

+ (cos
10𝜋

11
)

௞

+ (cos
10𝜋

11
)

௞

 

= (cos
1𝜋

11
)

௞

+ (cos
1𝜋

11
)

௞

+ (cos
3𝜋

11
)

௞

+ (cos
3𝜋

11
)

௞

+ (cos
5𝜋

11
)

௞

+ (cos
5𝜋

11
)

௞

+ (cos
7𝜋

11
)

௞

+ (cos
7𝜋

11
)

௞

+ (cos
9𝜋

11
)

௞

+ (cos
9𝜋

11
)

௞

+ (cos
11𝜋

11
)

௞

 

(k=1,2,3,4,5,6,7,8,9,10) 

 

Example 2.4.6 (Chen Shuwen, 2021/7/4) 

{𝑎଴, 𝑎ଵ, 𝑎ଶ, 𝑎ଷ, 𝑎ସ, 𝑎ହ, 𝑎଺, 𝑎଻, 𝑎଼, 𝑎ଽ, 𝑎ଵ଴}

= {cosଶ(
1𝜋

22
), cosଶ(

1𝜋

22
), cosଶ(

3𝜋

22
), cosଶ(

3𝜋

22
), cosଶ(

5𝜋

22
), cosଶ(

5𝜋

22
), cosଶ(

7𝜋

22
), cosଶ(

7𝜋

22
), cosଶ(

9𝜋

22
), cosଶ(

9𝜋

22
), cosଶ(

11𝜋

22
)} 

{𝑏଴, 𝑏ଵ, 𝑏ଶ, 𝑏ଷ, 𝑏ସ, 𝑏ହ, 𝑏଺, 𝑏଻, 𝑏଼, 𝑏ଽ, 𝑏ଵ଴}

= {cosଶ(
0𝜋

22
), cosଶ(

2𝜋

22
), cosଶ(

2𝜋

22
), cosଶ(

4𝜋

22
), cosଶ(

4𝜋

22
), cosଶ(

6𝜋

22
), cosଶ(

6𝜋

22
), cosଶ(

8𝜋

22
), cosଶ(

8𝜋

22
), cosଶ(

10𝜋

22
), cosଶ(

10𝜋

22
)} 

𝑎଴
௞ + 𝑎ଵ

௞ + 𝑎ଶ
௞ + 𝑎ଷ

௞ + 𝑎ସ
௞ + 𝑎ହ

௞ + 𝑎଺
௞ + 𝑎଻

௞ + 𝑎଼
௞ + 𝑎ଽ

௞ + 𝑎ଵ଴
௞ = 𝑏଴

௞ + 𝑏ଵ
௞ + 𝑏ଶ

௞ + 𝑏ଷ
௞ + 𝑏ସ

௞ + 𝑏ହ
௞ + 𝑏଺

௞ + 𝑏଻
௞ + 𝑏଼

௞ + 𝑏ଽ
௞ + 𝑏ଵ଴

௞  

（𝑘 = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 ) 

 

Example 2.4.7 (Chen Shuwen, 2021/7/7) 

{𝑎଴, 𝑎ଵ, 𝑎ଶ, 𝑎ଷ, 𝑎ସ, 𝑎ହ, 𝑎଺, 𝑎଻, 𝑎଼, 𝑎ଽ, 𝑎ଵ଴}

= {sin2 ቀ
𝜋

88
ቁ , sin2 ൬

7𝜋

88
൰ , sin2 ൬

9𝜋

88
൰ , sin2 ൬

15𝜋

88
൰ , sin2 ൬

17𝜋

88
൰ , sin2 ൬

23𝜋

88
൰ , sin2 ൬

25𝜋

88
൰ , sin2 ൬

31𝜋

88
൰ , sin2 ൬

33𝜋

88
൰ , sin2 ൬

39𝜋

88
൰ , sin2 ൬

41𝜋

88
൰} 

{𝑏଴, 𝑏ଵ, 𝑏ଶ, 𝑏ଷ, 𝑏ସ, 𝑏ହ, 𝑏଺, 𝑏଻, 𝑏଼, 𝑏ଽ, 𝑏ଵ଴}

= {sin2 ൬
3𝜋

88
൰ , sin2 ൬

5𝜋

88
൰ , sin2 ൬

11𝜋

88
൰ , sin2 ൬

13𝜋

88
൰ , sin2 ൬

19𝜋

88
൰ , sin2 ൬

21𝜋

88
൰ , sin2 ൬

27𝜋

88
൰ , sin2 ൬

29𝜋

88
൰ , sin2 ൬

35𝜋

88
൰ , sin2 ൬

37𝜋

88
൰ , sin2 ൬

43𝜋

88
൰} 

𝑎଴
௞ + 𝑎ଵ

௞ + 𝑎ଶ
௞ + 𝑎ଷ

௞ + 𝑎ସ
௞ + 𝑎ହ

௞ + 𝑎଺
௞ + 𝑎଻

௞ + 𝑎଼
௞ + 𝑎ଽ

௞ + 𝑎ଵ଴
௞

= 𝑏0
𝑘 + 𝑏1

𝑘 + 𝑏2
𝑘 + 𝑏3

𝑘 + 𝑏4
𝑘 + 𝑏5

𝑘 + 𝑏6
𝑘 + 𝑏7

𝑘 + 𝑏8
𝑘 + 𝑏9

𝑘 + 𝑏10
𝑘

 

 （𝑘 = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 ) 
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Example 2.4.8 (Chen Shuwen, July 2021) 

(sin
5𝜋

28
)ଵ + (sin

7𝜋

28
)ଵ + (sin

13𝜋

28
)ଵ = (sin

𝜋

28
)ଵ + (sin

3𝜋

28
)ଵ + (sin

9𝜋

28
)ଵ + (sin

11𝜋

28
)ଵ 

(sin
5𝜋

28
)ଷ + (sin

7𝜋

28
)ଷ + (sin

13𝜋

28
)ଷ = (sin

𝜋

28
)ଷ + (sin

3𝜋

28
)ଷ + (sin

9𝜋

28
)ଷ + (sin

11𝜋

28
)ଷ 

(sin
5𝜋

28
)ହ + (sin

7𝜋

28
)ହ + (sin

13𝜋

28
)ହ = (sin

𝜋

28
)ହ + (sin

3𝜋

28
)ହ + (sin

9𝜋

28
)ହ + (sin

11𝜋

28
)ହ 

 

(sin
𝜋

32
)ଶ + (sin

7𝜋

32
)ଶ + (sin

9𝜋

32
)ଶ + (sin

15𝜋

32
)ଶ = (sin

3𝜋

32
)ଶ + (sin

5𝜋

32
)ଶ + (sin

11𝜋

32
)ଶ + (sin

13𝜋

32
)ଶ 

(sin
𝜋

32
)ସ + (sin

7𝜋

32
)ସ + (sin

9𝜋

32
)ସ + (sin

15𝜋

32
)ସ = (sin

3𝜋

32
)ସ + (sin

5𝜋

32
)ସ + (sin

11𝜋

32
)ସ + (sin

13𝜋

32
)ସ 

(sin
𝜋

32
)଺ + (sin

7𝜋

32
)଺ + (sin

9𝜋

32
)଺ + (sin

15𝜋

32
)଺ = (sin

3𝜋

32
)଺ + (sin

5𝜋

32
)଺ + (sin

11𝜋

32
)଺ + (sin

13𝜋

32
)଺ 

 

(sin
5𝜋

36
)ଵ + (sin

7𝜋

36
)ଵ + (sin

13𝜋

36
)ଵ + (sin

15𝜋

36
)ଵ = (sin

𝜋

36
)ଵ + (sin

3𝜋

36
)ଵ + (sin

9𝜋

36
)ଵ + (sin

11𝜋

36
)ଵ + (sin

17𝜋

36
)ଵ 

(sin
5𝜋

36
)ଷ + (sin

7𝜋

36
)ଷ + (sin

13𝜋

36
)ଷ + (sin

15𝜋

36
)ଷ = (sin

𝜋

36
)ଷ + (sin

3𝜋

36
)ଷ + (sin

9𝜋

36
)ଷ + (sin

11𝜋

36
)ଷ + (sin

17𝜋

36
)ଷ 

(sin
5𝜋

36
)ହ + (sin

7𝜋

36
)ହ + (sin

13𝜋

36
)ହ + (sin

15𝜋

36
)ହ = (sin

𝜋

36
)ହ + (sin

3𝜋

36
)ହ + (sin

9𝜋

36
)ହ + (sin

11𝜋

36
)ହ + (sin

17𝜋

36
)ହ 

(sin
5𝜋

36
)଻ + (sin

7𝜋

36
)଻ + (sin

13𝜋

36
)଻ + (sin

15𝜋

36
)଻ = (sin

𝜋

36
)଻ + (sin

3𝜋

36
)଻ + (sin

9𝜋

36
)଻ + (sin

11𝜋

36
)଻ + (sin

17𝜋

36
)଻ 

 

Example 2.4.9 (Chen Shuwen, August 2021) 

{ 𝑎଴, 𝑎ଵ, 𝑎ଶ, 𝑎ଷ, 𝑎ସ, 𝑎ହ, 𝑎଺, 𝑎଻, 𝑎଼, 𝑎ଽ, 𝑎ଵ଴, 𝑎ଵଵ, 𝑎ଵଶ, 𝑎ଵଷ, 𝑎ଵସ, 𝑎ଵହ, 𝑎ଵ଺, 𝑎ଵ଻, 𝑎ଵ଼ } = { sinଶ ቀ
𝜋

1729
ቁ , sinଶ ൬

90𝜋

1729
൰ , sinଶ ൬

92𝜋

1729
൰, 

sinଶ ൬
181𝜋

1729
൰ , sinଶ ൬

183𝜋

1729
൰ , sinଶ ൬

272𝜋

1729
൰ , sinଶ ൬

274𝜋

1729
൰ , sinଶ ൬

363𝜋

1729
൰ , sinଶ ൬

365𝜋

1729
൰ , sinଶ ൬

454𝜋

1729
൰ , sinଶ ൬

456𝜋

1729
൰, 

sinଶ ൬
545𝜋

1729
൰ , sinଶ ൬

547𝜋

1729
൰ , sinଶ ൬

636𝜋

1729
൰ , sinଶ ൬

638𝜋

1729
൰ , sinଶ ൬

727𝜋

1729
൰ , sinଶ ൬

729𝜋

1729
൰ , sinଶ ൬

818𝜋

1729
൰ , sinଶ ൬

820𝜋

1729
൰ } 

{ 𝑏଴, 𝑏ଵ, 𝑏ଶ, 𝑏ଷ, 𝑏ସ, 𝑏ହ, 𝑏଺, 𝑏଻, 𝑏଼, 𝑏ଽ, 𝑏ଵ଴, 𝑏ଵଵ, 𝑏ଵଶ, 𝑏ଵଷ, 𝑏ଵସ, 𝑏ଵହ, 𝑏ଵ଺, 𝑏ଵ଻, 𝑏ଵ଼ } = { cosଶ ቀ
𝜋

1729
ቁ , cosଶ ൬

90𝜋

1729
൰ , cosଶ ൬

92𝜋

1729
൰, 

cosଶ ൬
181𝜋

1729
൰ , cosଶ ൬

183𝜋

1729
൰ , cosଶ ൬

272𝜋

1729
൰ , cosଶ ൬

274𝜋

1729
൰ , cosଶ ൬

363𝜋

1729
൰ , cosଶ ൬

365𝜋

1729
൰ , cosଶ ൬

454𝜋

1729
൰ , cosଶ ൬

456𝜋

1729
൰, 

cosଶ ൬
545𝜋

1729
൰ , cosଶ ൬

547𝜋

1729
൰ , cosଶ ൬

636𝜋

1729
൰ , cosଶ ൬

638𝜋

1729
൰ , cosଶ ൬

727𝜋

1729
൰ , cosଶ ൬

729𝜋

1729
൰ , cosଶ ൬

818𝜋

1729
൰ , cosଶ ൬

820𝜋

1729
൰ } 

𝑎଴
௞ + 𝑎ଵ

௞ + 𝑎ଶ
௞ + 𝑎ଷ

௞ + 𝑎ସ
௞ + 𝑎ହ

௞ + 𝑎଺
௞ + 𝑎଻

௞ + 𝑎଼
௞ + 𝑎ଽ

௞ + 𝑎ଵ଴
௞ + 𝑎ଵଵ

௞ + 𝑎ଵଶ
௞ + 𝑎ଵଷ

௞ + 𝑎ଵସ
௞ + 𝑎ଵହ

௞ + 𝑎ଵ଺
௞ + 𝑎ଵ଻

௞ + 𝑎ଵ଼
௞  

= 𝑏0
𝑘 + 𝑏1

𝑘 + 𝑏2
𝑘 + 𝑏3

𝑘 + 𝑏4
𝑘 + 𝑏5

𝑘 + 𝑏6
𝑘 + 𝑏7

𝑘 + 𝑏8
𝑘 + 𝑏9

𝑘 + 𝑏10
𝑘 + 𝑏11

𝑘 + 𝑏12
𝑘 + 𝑏13

𝑘 + 𝑏14
𝑘 + 𝑏15

𝑘 + 𝑏16
𝑘 + 𝑏17

𝑘 + 𝑏18
𝑘  

（𝑘 = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18 ) 
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Formula 2.5.1 (Chen Shuwen, 2021/8/12) 

For positive integer 𝑛  

1

2
+ ෎ sinଶ௞ ൬

𝜋𝑗

2𝑛
൰

௡ିଵ

௝ୀଵ

=
1

2
+ ෎ cosଶ௞ ൬

𝜋𝑗

2𝑛
൰

௡ିଵ

௝ୀଵ

=
𝑛(2𝑘 − 1)!

2ଶ௞ିଵ𝑘! (𝑘 − 1)!
=

𝑛𝛤 (𝑘 +
1
2

)

√𝜋𝛤 (𝑘 + 1)
 

（𝑘 = 1, 2, 3, … , 2𝑛 − 1 ） 

 

Formula 2.5.2 (Chen Shuwen, 2021/8/12) 

For positive odd integer 𝑛 and any 𝑧 

sinଶ௞(𝑧) + ෎ ቆsinଶ௞ ൬
𝜋𝑗

𝑛
− 𝑧൰ + sinଶ௞ ൬

𝜋𝑗

𝑛
+ 𝑧൰ቇ

௡ିଵ
ଶ

௝ୀଵ

= 2 ෎ sinଶ௞ ൬
𝜋𝑗

𝑛
൰

௡ିଵ
ଶ

௝ୀଵ

=
𝑛(2𝑘 − 1)!

2ଶ௞ିଵ𝑘! (𝑘 − 1)!
=

𝑛𝛤 (𝑘 +
1
2

)

√𝜋𝛤 (𝑘 + 1)
 

cosଶ௞(𝑧) + ෎ ቆcosଶ௞ ൬
𝜋𝑗

𝑛
− 𝑧൰ + cosଶ௞ ൬

𝜋𝑗

𝑛
+ 𝑧൰ቇ

௡ିଵ
ଶ

௝ୀଵ

= 1 + 2 ෎ cosଶ௞(
𝜋𝑗

𝑛
)

௡ିଵ
ଶ

௝ୀଵ

=
𝑛(2𝑘 − 1)!

2ଶ௞ିଵ𝑘! (𝑘 − 1)!
=

𝑛𝛤 (𝑘 +
1
2

)

√𝜋𝛤 (𝑘 + 1)
 

（𝑘 = 1, 2, 3, … , 𝑛 − 1 ） 

 

Formula 2.5.3 (Chen Shuwen, 2021/8/12) 

For positive odd integer 𝑛 and any 𝑧 

cos௞(𝑧) + ෎ ቆcos௞ ൬
2𝜋𝑗

𝑛
− 𝑧൰ + cos௞ ൬

2𝜋𝑗

𝑛
+ 𝑧൰ቇ

௡ିଵ
ଶ

௝ୀଵ

= 1 + 2 ෎ cos௞ ൬
2𝜋𝑗

𝑛
൰

௡ିଵ
ଶ

௝ୀଵ

 

（𝑘 = 1, 2, 3,4, … , 𝑛 − 2, 𝑛 − 1, 𝑛 + 1, 𝑛 + 3, 𝑛 + 5, … , 2𝑛 − 2 ) 

It is equivalent to 

cos௞(𝑧) + ෎ ቆcos௞ ൬
2𝜋𝑗

𝑛
− 𝑧൰ + cos௞ ൬

2𝜋𝑗

𝑛
+ 𝑧൰ቇ

௡ିଵ
ଶ

௝ୀଵ

= 1 + 2 ෎ cos௞ ൬
2𝜋𝑗

𝑛
൰

௡ିଵ
ଶ

௝ୀଵ

= 0             (𝑘 = 1,3,5, … , 𝑛 − 2) 

cos௞(𝑧) + ෎ ቆcos௞ ൬
2𝜋𝑗

𝑛
− 𝑧൰ + cos௞ ൬

2𝜋𝑗

𝑛
+ 𝑧൰ቇ

௡ିଵ
ଶ

௝ୀଵ

= 1 + 2 ෎ cos௞ ൬
2𝜋𝑗

𝑛
൰

௡ିଵ
ଶ

௝ୀଵ

=
𝑛(𝑘 − 1)!

2௞ିଵ(
𝑘
2

− 1)!
𝑘
2

!
=

𝑛𝛤 (
𝑘 + 1

2
)

√𝜋𝛤 (
𝑘
2

+ 1)
  

        (𝑘 = 2, 4, 6, … ,2𝑛 − 2) 

 

Formula 2.5.4 (Chen Shuwen, 2021/8/12) 

For positive even integer 𝑛 and any 𝑧 

෎ ൭sinଶ௞ ቆ
𝜋(2𝑗 − 1)

2𝑛
− 𝑧ቇ + sinଶ௞ ቆ

𝜋(2𝑗 − 1)

2𝑛
+ 𝑧ቇ൱

௡
ଶ

௝ୀଵ

= 2 ෎ sinଶ௞ ቆ
𝜋(2𝑗 − 1)

2𝑛
ቇ

௡
ଶ

௝ୀଵ

=
𝑛(2𝑘 − 1)!

2ଶ௞ିଵ𝑘! (𝑘 − 1)!
=

𝑛𝛤 (𝑘 +
1
2

)

√𝜋𝛤 (𝑘 + 1)
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෎ ൭cosଶ௞ ቆ
𝜋(2𝑗 − 1)

2𝑛
− 𝑧ቇ + cosଶ௞ ቆ

𝜋(2𝑗 − 1)

2𝑛
+ 𝑧ቇ൱ =

௡
ଶ

௝ୀଵ

2 ෎ cosଶ௞ ቆ
𝜋(2𝑗 − 1)

2𝑛
ቇ

௡
ଶ

௝ୀଵ

=
𝑛(2𝑘 − 1)!

2ଶ௞ିଵ𝑘! (𝑘 − 1)!
=

𝑛𝛤 (𝑘 +
1
2

)

√𝜋𝛤 (𝑘 + 1)
 

（𝑘 = 1, 2, 3, … , 𝑛 − 1 ) 

 

Example 2.5.1 (Chen Shuwen, August 2021) 

cosଶ௞(
0𝜋

100
) + cosଶ௞(

10𝜋

100
) + cosଶ௞(

10𝜋

100
) + cosଶ௞(

20𝜋

100
) + cosଶ௞(

20𝜋

100
) + cosଶ௞(

30𝜋

100
) + cosଶ௞(

30𝜋

100
) + cosଶ௞(

40𝜋

100
) + cosଶ௞(

40𝜋

100
) + cosଶ௞(

50𝜋

100
) 

= cosଶ௞(
1𝜋

100
) + cosଶ௞(

9𝜋

100
) + cosଶ௞(

11𝜋

100
) + cosଶ௞(

19𝜋

100
) + cosଶ௞(

21𝜋

100
) + cosଶ௞(

29𝜋

100
) + cosଶ௞(

31𝜋

100
) + cosଶ௞(

39𝜋

100
) + cosଶ௞(

41𝜋

100
) + cosଶ௞(

49𝜋

100
) 

= cosଶ௞(
2𝜋

100
) + cosଶ௞(

8𝜋

100
) + cosଶ௞(

12𝜋

100
) + cosଶ௞(

18𝜋

100
) + cosଶ௞(

22𝜋

100
) + cosଶ௞(

28𝜋

100
) + cosଶ௞(

32𝜋

100
) + cosଶ௞(

38𝜋

100
) + cosଶ௞(

42𝜋

100
) + cosଶ௞(

48𝜋

100
) 

= cosଶ௞(
3𝜋

100
) + cosଶ௞(

7𝜋

100
) + cosଶ௞(

13𝜋

100
) + cosଶ௞(

17𝜋

100
) + cosଶ௞(

23𝜋

100
) + cosଶ௞(

27𝜋

100
) + cosଶ௞(

33𝜋

100
) + cosଶ௞(

37𝜋

100
) + cosଶ௞(

43𝜋

100
) + cosଶ௞(

47𝜋

100
) 

= cosଶ௞(
4𝜋

100
) + cosଶ௞(

6𝜋

100
) + cosଶ௞(

14𝜋

100
) + cosଶ௞(

16𝜋

100
) + cosଶ௞(

24𝜋

100
) + cosଶ௞(

26𝜋

100
) + cosଶ௞(

34𝜋

100
) + cosଶ௞(

36𝜋

100
) + cosଶ௞(

44𝜋

100
) + cosଶ௞(

46𝜋

100
) 

= cosଶ௞(
5𝜋

100
) + cosଶ௞(

5𝜋

100
) + cosଶ௞(

15𝜋

100
) + cosଶ௞(

15𝜋

100
) + cosଶ௞(

25𝜋

100
) + cosଶ௞(

25𝜋

100
) + cosଶ௞(

35𝜋

100
) + cosଶ௞(

35𝜋

100
) + cosଶ௞(

45𝜋

100
) + cosଶ௞(

45𝜋

100
) 

（𝑘 = 1, 2, 3, 4, 5, 6, 7, 8, 9 ) 

 

Example 2.5.2 (Chen Shuwen, August 2021) 

    sinଶ௞(
0𝜋

11
) + sinଶ௞(

1𝜋

11
) + sinଶ௞(

1𝜋

11
) + sinଶ௞(

2𝜋

11
) + sinଶ௞(

2𝜋

11
) + sinଶ௞(

3𝜋

11
) + sinଶ௞(

3𝜋

11
) + sinଶ௞(

4𝜋

11
) + sinଶ௞(

4𝜋

11
) + sinଶ௞(

5𝜋

11
) + sinଶ௞(

5𝜋

11
) 

= sinଶ௞(
0𝜋

22
) + sinଶ௞(

2𝜋

22
) + sinଶ௞(

2𝜋

22
) + sinଶ௞(

4𝜋

22
) + sinଶ௞(

4𝜋

22
) + sinଶ௞(

6𝜋

22
) + sinଶ௞(

6𝜋

22
) + sinଶ௞(

8𝜋

22
) + sinଶ௞(

8𝜋

22
) + sinଶ௞(

10𝜋

22
) + sinଶ௞(

10𝜋

22
) 

= sinଶ௞(
1𝜋

22
) + sinଶ௞(

1𝜋

22
) + sinଶ௞(

3𝜋

22
) + sinଶ௞(

3𝜋

22
) + sinଶ௞(

5𝜋

22
) + sinଶ௞(

5𝜋

22
) + sinଶ௞(

7𝜋

22
) + sinଶ௞(

7𝜋

22
) + sinଶ௞(

9𝜋

22
) + sinଶ௞(

9𝜋

22
) + sinଶ௞(

11𝜋

22
) 

= sinଶ௞(
0𝜋

33
) + sinଶ௞(

3𝜋

33
) + sinଶ௞(

3𝜋

33
) + sinଶ௞(

6𝜋

33
) + sinଶ௞(

6𝜋

33
) + sinଶ௞(

9𝜋

33
) + sinଶ௞(

9𝜋

33
) + sinଶ௞(

12𝜋

33
) + sinଶ௞(

12𝜋

33
) + sinଶ௞(

15𝜋

33
) + sinଶ௞(

15𝜋

33
) 

= sinଶ௞(
1𝜋

33
) + sinଶ௞(

2𝜋

33
) + sinଶ௞(

4𝜋

33
) + sinଶ௞(

5𝜋

33
) + sinଶ௞(

7𝜋

33
) + sinଶ௞(

8𝜋

33
) + sinଶ௞(

10𝜋

33
) + sinଶ௞(

11𝜋

33
) + sinଶ௞(

13𝜋

33
) + sinଶ௞(

14𝜋

33
) + sinଶ௞(

16𝜋

33
) 

= sinଶ௞(
0𝜋

44
) + sinଶ௞(

4𝜋

44
) + sinଶ௞(

4𝜋

44
) + sinଶ௞(

8𝜋

44
) + sinଶ௞(

8𝜋

44
) + sinଶ௞(

12𝜋

44
) + sinଶ௞(

12𝜋

44
) + sinଶ௞(

16𝜋

44
) + sinଶ௞(

16𝜋

44
) + sinଶ௞(

20𝜋

44
) + sinଶ௞(

20𝜋

44
) 

= sinଶ௞(
1𝜋

44
) + sinଶ௞(

3𝜋

44
) + sinଶ௞(

5𝜋

44
) + sinଶ௞(

7𝜋

44
) + sinଶ௞(

9𝜋

44
) + sinଶ௞(

11𝜋

44
) + sinଶ௞(

13𝜋

44
) + sinଶ௞(

15𝜋

44
) + sinଶ௞(

17𝜋

44
) + sinଶ௞(

19𝜋

44
) + sinଶ௞(

21𝜋

44
) 

= sinଶ௞(
2𝜋

44
) + sinଶ௞(

2𝜋

44
) + sinଶ௞(

6𝜋

44
) + sinଶ௞(

6𝜋

44
) + sinଶ௞(

10𝜋

44
) + sinଶ௞(

10𝜋

44
) + sinଶ௞(

14𝜋

44
) + sinଶ௞(

14𝜋

44
) + sinଶ௞(

18𝜋

44
) + sinଶ௞(

18𝜋

44
) + sinଶ௞(

22𝜋

44
) 

= sinଶ௞(
0𝜋

55
) + sinଶ௞(

5𝜋

55
) + sinଶ௞(

5𝜋

55
) + sinଶ௞(

10𝜋

55
) + sinଶ௞(

10𝜋

55
) + sinଶ௞(

15𝜋

55
) + sinଶ௞(

15𝜋

55
) + sinଶ௞(

20𝜋

55
) + sinଶ௞(

20𝜋

55
) + sinଶ௞(

25𝜋

55
) + sinଶ௞(

25𝜋

55
) 

= sinଶ௞(
1𝜋

55
) + sinଶ௞(

4𝜋

55
) + sinଶ௞(

6𝜋

55
) + sinଶ௞(

9𝜋

55
) + sinଶ௞(

11𝜋

55
) + sinଶ௞(

14𝜋

55
) + sinଶ௞(

16𝜋

55
) + sinଶ௞(

19𝜋

55
) + sinଶ௞(

21𝜋

55
) + sinଶ௞(

24𝜋

55
) + sinଶ௞(

26𝜋

55
) 

= sinଶ௞(
2𝜋

55
) + sinଶ௞(

3𝜋

55
) + sinଶ௞(

7𝜋

55
) + sinଶ௞(

8𝜋

55
) + sinଶ௞(

12𝜋

55
) + sinଶ௞(

13𝜋

55
) + sinଶ௞(

17𝜋

55
) + sinଶ௞(

18𝜋

55
) + sinଶ௞(

22𝜋

55
) + sinଶ௞(

23𝜋

55
) + sinଶ௞(

27𝜋

55
) 

= sinଶ௞(
0𝜋

66
) + sinଶ௞(

6𝜋

66
) + sinଶ௞(

6𝜋

66
) + sinଶ௞(

12𝜋

66
) + sinଶ௞(

12𝜋

66
) + sinଶ௞(

18𝜋

66
) + sinଶ௞(

18𝜋

66
) + sinଶ௞(

24𝜋

66
) + sinଶ௞(

24𝜋

66
) + sinଶ௞(

30𝜋

66
) + sinଶ௞(

30𝜋

66
) 
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= sinଶ௞(
1𝜋

66
) + sinଶ௞(

5𝜋

66
) + sinଶ௞(

7𝜋

66
) + sinଶ௞(

11𝜋

66
) + sinଶ௞(

13𝜋

66
) + sinଶ௞(

17𝜋

66
) + sinଶ௞(

19𝜋

66
) + sinଶ௞(

23𝜋

66
) + sinଶ௞(

25𝜋

66
) + sinଶ௞(

29𝜋

66
) + sinଶ௞(

31𝜋

66
) 

= sinଶ௞(
2𝜋

66
) + sinଶ௞(

4𝜋

66
) + sinଶ௞(

8𝜋

66
) + sinଶ௞(

10𝜋

66
) + sinଶ௞(

14𝜋

66
) + sinଶ௞(

16𝜋

66
) + sinଶ௞(

20𝜋

66
) + sinଶ௞(

22𝜋

66
) + sinଶ௞(

26𝜋

66
) + sinଶ௞(

28𝜋

66
) + sinଶ௞(

32𝜋

66
) 

= sinଶ௞(
3𝜋

66
) + sinଶ௞(

3𝜋

66
) + sinଶ௞(

9𝜋

66
) + sinଶ௞(

9𝜋

66
) + sinଶ௞(

15𝜋

66
) + sinଶ௞(

15𝜋

66
) + sinଶ௞(

21𝜋

66
) + sinଶ௞(

21𝜋

66
) + sinଶ௞(

27𝜋

66
) + sinଶ௞(

27𝜋

66
) + sinଶ௞(

33𝜋

66
) 

= sinଶ௞(
0𝜋

77
) + sinଶ௞(

7𝜋

77
) + sinଶ௞(

7𝜋

77
) + sinଶ௞(

14𝜋

77
) + sinଶ௞(

14𝜋

77
) + sinଶ௞(

21𝜋

77
) + sinଶ௞(

21𝜋

77
) + sinଶ௞(

28𝜋

77
) + sinଶ௞(

28𝜋

77
) + sinଶ௞(

35𝜋

77
) + sinଶ௞(

35𝜋

77
) 

= sinଶ௞(
1𝜋

77
) + sinଶ௞(

6𝜋

77
) + sinଶ௞(

8𝜋

77
) + sinଶ௞(

13𝜋

77
) + sinଶ௞(

15𝜋

77
) + sinଶ௞(

20𝜋

77
) + sinଶ௞(

22𝜋

77
) + sinଶ௞(

27𝜋

77
) + sinଶ௞(

29𝜋

77
) + sinଶ௞(

34𝜋

77
) + sinଶ௞(

36𝜋

77
) 

= sinଶ௞(
2𝜋

77
) + sinଶ௞(

5𝜋

77
) + sinଶ௞(

9𝜋

77
) + sinଶ௞(

12𝜋

77
) + sinଶ௞(

16𝜋

77
) + sinଶ௞(

19𝜋

77
) + sinଶ௞(

23𝜋

77
) + sinଶ௞(

26𝜋

77
) + sinଶ௞(

30𝜋

77
) + sinଶ௞(

33𝜋

77
) + sinଶ௞(

37𝜋

77
) 

= sinଶ௞(
3𝜋

77
) + sinଶ௞(

4𝜋

77
) + sinଶ௞(

10𝜋

77
) + sinଶ௞(

11𝜋

77
) + sinଶ௞(

17𝜋

77
) + sinଶ௞(

18𝜋

77
) + sinଶ௞(

24𝜋

77
) + sinଶ௞(

25𝜋

77
) + sinଶ௞(

31𝜋

77
) + sinଶ௞(

32𝜋

77
) + sinଶ௞(

38𝜋

77
) 

= sinଶ௞(
0𝜋

88
) + sinଶ௞(

8𝜋

88
) + sinଶ௞(

8𝜋

88
) + sinଶ௞(

16𝜋

88
) + sinଶ௞(

16𝜋

88
) + sinଶ௞(

24𝜋

88
) + sinଶ௞(

24𝜋

88
) + sinଶ௞(

32𝜋

88
) + sinଶ௞(

32𝜋

88
) + sinଶ௞(

40𝜋

88
) + sinଶ௞(

40𝜋

88
) 

= sinଶ௞(
1𝜋

88
) + sinଶ௞(

7𝜋

88
) + sinଶ௞(

9𝜋

88
) + sinଶ௞(

15𝜋

88
) + sinଶ௞(

17𝜋

88
) + sinଶ௞(

23𝜋

88
) + sinଶ௞(

25𝜋

88
) + sinଶ௞(

31𝜋

88
) + sinଶ௞(

33𝜋

88
) + sinଶ௞(

39𝜋

88
) + sinଶ௞(

41𝜋

88
) 

= sinଶ௞(
2𝜋

88
) + sinଶ௞(

6𝜋

88
) + sinଶ௞(

10𝜋

88
) + sinଶ௞(

14𝜋

88
) + sinଶ௞(

18𝜋

88
) + sinଶ௞(

22𝜋

88
) + sinଶ௞(

26𝜋

88
) + sinଶ௞(

30𝜋

88
) + sinଶ௞(

34𝜋

88
) + sinଶ௞(

38𝜋

88
) + sinଶ௞(

42𝜋

88
) 

= sinଶ௞(
3𝜋

88
) + sinଶ௞(

5𝜋

88
) + sinଶ௞(

11𝜋

88
) + sinଶ௞(

13𝜋

88
) + sinଶ௞(

19𝜋

88
) + sinଶ௞(

21𝜋

88
) + sinଶ௞(

27𝜋

88
) + sinଶ௞(

29𝜋

88
) + sinଶ௞(

35𝜋

88
) + sinଶ௞(

37𝜋

88
) + sinଶ௞(

43𝜋

88
) 

= sinଶ௞(
4𝜋

88
) + sinଶ௞(

4𝜋

88
) + sinଶ௞(

12𝜋

88
) + sinଶ௞(

12𝜋

88
) + sinଶ௞(

20𝜋

88
) + sinଶ௞(

20𝜋

88
) + sinଶ௞(

28𝜋

88
) + sinଶ௞(

28𝜋

88
) + sinଶ௞(

36𝜋

88
) + sinଶ௞(

36𝜋

88
) + sinଶ௞(

44𝜋

88
) 

= sinଶ௞(
0𝜋

99
) + sinଶ௞(

9𝜋

99
) + sinଶ௞(

9𝜋

99
) + sinଶ௞(

18𝜋

99
) + sinଶ௞(

18𝜋

99
) + sinଶ௞(

27𝜋

99
) + sinଶ௞(

27𝜋

99
) + sinଶ௞(

36𝜋

99
) + sinଶ௞(

36𝜋

99
) + sinଶ௞(

45𝜋

99
) + sinଶ௞(

45𝜋

99
) 

= sinଶ௞(
1𝜋

99
) + sinଶ௞(

8𝜋

99
) + sinଶ௞(

10𝜋

99
) + sinଶ௞(

17𝜋

99
) + sinଶ௞(

19𝜋

99
) + sinଶ௞(

26𝜋

99
) + sinଶ௞(

28𝜋

99
) + sinଶ௞(

35𝜋

99
) + sinଶ௞(

37𝜋

99
) + sinଶ௞(

44𝜋

99
) + sinଶ௞(

46𝜋

99
) 

= sinଶ௞(
2𝜋

99
) + sinଶ௞(

7𝜋

99
) + sinଶ௞(

11𝜋

99
) + sinଶ௞(

16𝜋

99
) + sinଶ௞(

20𝜋

99
) + sinଶ௞(

25𝜋

99
) + sinଶ௞(

29𝜋

99
) + sinଶ௞(

34𝜋

99
) + sinଶ௞(

38𝜋

99
) + sinଶ௞(

43𝜋

99
) + sinଶ௞(

47𝜋

99
) 

= sinଶ௞(
3𝜋

99
) + sinଶ௞(

6𝜋

99
) + sinଶ௞(

12𝜋

99
) + sinଶ௞(

15𝜋

99
) + sinଶ௞(

21𝜋

99
) + sinଶ௞(

24𝜋

99
) + sinଶ௞(

30𝜋

99
) + sinଶ௞(

33𝜋

99
) + sinଶ௞(

39𝜋

99
) + sinଶ௞(

42𝜋

99
) + sinଶ௞(

48𝜋

99
) 

= sinଶ௞(
4𝜋

99
) + sinଶ௞(

5𝜋

99
) + sinଶ௞(

13𝜋

99
) + sinଶ௞(

14𝜋

99
) + sinଶ௞(

22𝜋

99
) + sinଶ௞(

23𝜋

99
) + sinଶ௞(

31𝜋

99
) + sinଶ௞(

32𝜋

99
) + sinଶ௞(

40𝜋

99
) + sinଶ௞(

41𝜋

99
) + sinଶ௞(

49𝜋

99
) 

（𝑘 = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 ) 

 

Example 2.5.3 (Chen Shuwen, August 2021) 

cos௞ ൬
2𝜋

25
൰ + cos௞ ൬

8𝜋

25
൰ + cos௞ ൬

12𝜋

25
൰ + cos௞ ൬

18𝜋

25
൰ + cos௞ ൬

22𝜋

25
൰ = cos௞ ൬

4𝜋

25
൰ + cos௞ ൬

6𝜋

25
൰ + cos௞ ൬

14𝜋

25
൰ + cos௞ ൬

16𝜋

25
൰ + cos௞ ൬

24𝜋

25
൰ 

= cos௞ ቀ
𝜋

15
ቁ + cos௞ ൬

5𝜋

15
൰ + cos௞ ൬

7𝜋

15
൰ + cos௞ ൬

11𝜋

15
൰ + cos௞ ൬

13𝜋

15
൰ 

= cos௞ ቀ
𝜋

10
ቁ + cos௞ ൬

3𝜋

10
൰ + cos௞ ൬

5𝜋

10
൰ + cos௞ ൬

7𝜋

10
൰ + cos௞ ൬

9𝜋

10
൰ 

（𝑘 = 1, 2, 3, 4, 6, 8 ) 
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Example 2.5.4 (Chen Shuwen, August 2021) 

  cos௞ ൬
0𝜋

55
൰ + cos௞ ൬

10𝜋

55
൰ + cos௞ ൬

10𝜋

55
൰ + cos௞ ൬

20𝜋

55
൰ + cos௞ ൬

20𝜋

55
൰ + cos௞ ൬

30𝜋

55
൰ + cos௞ ൬

30𝜋

55
൰ + cos௞ ൬

40𝜋

55
൰ + cos௞ ൬

40𝜋

55
൰ + cos௞ ൬

50𝜋

55
൰ + cos௞ ൬

50𝜋

55
൰ 

= cos௞ ൬
1𝜋

55
൰ + cos௞ ൬

9𝜋

55
൰ + cos௞ ൬

11𝜋

55
൰ + cos௞ ൬

19𝜋

55
൰ + cos௞ ൬

21𝜋

55
൰ + cos௞ ൬

29𝜋

55
൰ + cos௞ ൬

31𝜋

55
൰ + cos௞ ൬

39𝜋

55
൰ + cos௞ ൬

41𝜋

55
൰ + cos௞ ൬

49𝜋

55
൰ + cos௞ ൬

51𝜋

55
൰ 

= cos௞ ൬
2𝜋

55
൰ + cos௞ ൬

8𝜋

55
൰ + cos௞ ൬

12𝜋

55
൰ + cos௞ ൬

18𝜋

55
൰ + cos௞ ൬

22𝜋

55
൰ + cos௞ ൬

28𝜋

55
൰ + cos௞ ൬

32𝜋

55
൰ + cos௞ ൬

38𝜋

55
൰ + cos௞ ൬

42𝜋

55
൰ + cos௞ ൬

48𝜋

55
൰ + cos௞ ൬

52𝜋

55
൰ 

= cos௞ ൬
3𝜋

55
൰ + cos௞ ൬

7𝜋

55
൰ + cos௞ ൬

13𝜋

55
൰ + cos௞ ൬

17𝜋

55
൰ + cos௞ ൬

23𝜋

55
൰ + cos௞ ൬

27𝜋

55
൰ + cos௞ ൬

33𝜋

55
൰ + cos௞ ൬

37𝜋

55
൰ + cos௞ ൬

43𝜋

55
൰ + cos௞ ൬

47𝜋

55
൰ + cos௞ ൬

53𝜋

55
൰ 

= cos௞ ൬
4𝜋

55
൰ + cos௞ ൬

6𝜋

55
൰ + cos௞ ൬

14𝜋

55
൰ + cos௞ ൬

16𝜋

55
൰ + cos௞ ൬

24𝜋

55
൰ + cos௞ ൬

26𝜋

55
൰ + cos௞ ൬

34𝜋

55
൰ + cos௞ ൬

36𝜋

55
൰ + cos௞ ൬

44𝜋

55
൰ + cos௞ ൬

46𝜋

55
൰ + cos௞ ൬

54𝜋

55
൰ 

= cos௞ ൬
5𝜋

55
൰ + cos௞ ൬

5𝜋

55
൰ + cos௞ ൬

15𝜋

55
൰ + cos௞ ൬

15𝜋

55
൰ + cos௞ ൬

25𝜋

55
൰ + cos௞ ൬

25𝜋

55
൰ + cos௞ ൬

35𝜋

55
൰ + cos௞ ൬

35𝜋

55
൰ + cos௞ ൬

45𝜋

55
൰ + cos௞ ൬

45𝜋

55
൰ + cos௞ ൬

55𝜋

55
൰ 

= cos௞ ൬
1𝜋

22
൰ + cos௞ ൬

3𝜋

22
൰ + cos௞ ൬

5𝜋

22
൰ + cos௞ ൬

7𝜋

22
൰ + cos௞ ൬

9𝜋

22
൰ + cos௞ ൬

11𝜋

22
൰ + cos௞ ൬

13𝜋

22
൰ + cos௞ ൬

15𝜋

22
൰ + cos௞ ൬

17𝜋

22
൰ + cos௞ ൬

19𝜋

22
൰ + cos௞ ൬

21𝜋

22
൰ 

= cos௞ ൬
1π

33
൰ + cos௞ ൬

5π

33
൰ + cos௞ ൬

7π

33
൰ + cos௞ ൬

11π

33
൰ + cos௞ ൬

13π

33
൰ + cos௞ ൬

17π

33
൰ + cos௞ ൬

19π

33
൰ + cos௞ ൬

23π

33
൰ + cos௞ ൬

25π

33
൰ + cos௞ ൬

29π

33
൰ + cos௞ ൬

31π

33
൰ 

= cos௞ ൬
2π

33
൰ + cos௞ ൬

4π

33
൰ + cos௞ ൬

8π

33
൰ + cos௞ ൬

10π

33
൰ + cos௞ ൬

14π

33
൰ + cos௞ ൬

16π

33
൰ + cos௞ ൬

20π

33
൰ + cos௞ ൬

22π

33
൰ + cos௞ ൬

26π

33
൰ + cos௞ ൬

28π

33
൰ + cos௞ ൬

32π

33
൰ 

= cos௞ ൬
1π

44
൰ + cos௞ ൬

7π

44
൰ + cos௞ ൬

9π

44
൰ + cos௞ ൬

15π

44
൰ + cos௞ ൬

17π

44
൰ + cos௞ ൬

23π

44
൰ + cos௞ ൬

25π

44
൰ + cos௞ ൬

31π

44
൰ + cos௞ ൬

33π

44
൰ + cos௞ ൬

39π

44
൰ + cos௞ ൬

41π

44
൰ 

= cos௞ ൬
3π

44
൰ + cos௞ ൬

5π

44
൰ + cos௞ ൬

11π

44
൰ + cos௞ ൬

13π

44
൰ + cos௞ ൬

19π

44
൰ + cos௞ ൬

21π

44
൰ + cos௞ ൬

27π

44
൰ + cos௞ ൬

29π

44
൰ + cos௞ ൬

35π

44
൰ + cos௞ ൬

37π

44
൰ + cos௞ ൬

43π

44
൰ 

（𝑘 = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 14, 16, 18, 20 ) 

 

Example 2.5.5 (Chen Shuwen, August 2021) 

𝒂𝟏 = ට𝟏𝟎 + 𝟐√𝟓 𝒃𝟏 = ඨ𝟖 + 𝟐ට𝟏𝟎 + 𝟐√𝟓 𝒄𝟏 = ඩ𝟖 − 𝟐ඨ𝟖 + 𝟐ට𝟏𝟎 + 𝟐√𝟓 𝒅𝟏 = −ඪ𝟖 − 𝟐ඩ𝟖 − 𝟐ඨ𝟖 + 𝟐ට𝟏𝟎 + 𝟐√𝟓 

𝒂𝟐 = −ට𝟏𝟎 − 𝟐√𝟓 𝑏ଶ = ඨ8 − 2ට10 − 2√5 𝑐ଶ = ඩ8 − 2ඨ8 − 2ට10 − 2√5 𝑑ଶ = ඪ8 − 2ඩ8 − 2ඨ8 − 2ට10 − 2√5 

𝒂𝟑 = 𝟎 𝑏ଷ = −√8 𝑐ଷ = −ට8 + 4√2 𝑑ଷ = ඨ8 + 2ට8 + 4√2 

𝒂𝟒 = ට𝟏𝟎 − 𝟐√𝟓 𝑏ସ = −ඨ8 + 2ට10 − 2√5 𝑐ସ = ඩ8 + 2ඨ8 + 2ට10 − 2√5 𝑑ସ = ඪ8 − 2ඩ8 + 2ඨ8 + 2ට10 − 2√5 

𝒂𝟓 = −ට𝟏𝟎 + 𝟐√𝟓 𝑏ହ = ඨ8 − 2ට10 + 2√5 𝑐ହ = −ඩ8 − 2ඨ8 − 2ට10 + 2√5 𝑑ହ = −ඪ8 + 2ඩ8 − 2ඨ8 − 2ට10 + 2√5 

𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞ + 𝑎ସ

௞ + 𝑎ହ
௞ = 𝑏ଵ

௞ + 𝑏ଶ
௞ + 𝑏ଷ

௞ + 𝑏ସ
௞ + 𝑏ହ

௞ = 𝑐ଵ
௞ + 𝑐ଶ

௞ + 𝑐ଷ
௞ + 𝑐ସ

௞ + 𝑐ହ
௞ = 𝑑ଵ

௞ + 𝑑ଶ
௞ + 𝑑ଷ

௞ + 𝑑ସ
௞ + 𝑑ହ

௞ 

( 𝑘 = 1, 2, 3, 4,6, 8 ) 
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Chapter 3 

The Generalization of Newton Identities 

Identities 3.1. Equivalent form of Newton’s binomial theorem (Chen Shuwen, 1985) 

(𝑎 + 𝑏)௡ = ෍ ℎ௝𝑎௝𝑏௡ି௝

௡

௝ୀ଴

 

here  

ℎ଴ = 1  

ℎ௝ = ℎ௝ିଵ
(௡ାଵି௝)

௝
   ( 𝑗 ≥ 1) 

 

Example 3.1. Simplification of Pascal's Triangle (Chen Shuwen, 1985, by using Identities 3.1) 

For (𝑎 + 𝑏)ଽ 

Step 1 

[  ] 
9

1
 [  ]  

8

2
 [  ]  

7

3
 [  ]  

6

4
 [  ]  

5

5
 [  ]   [  ]   [  ]   [  ]   [  ] 

Step 2 

[ 1 ] 
9

1
 [ 9 ]  

8

2
 [ 36 ]  

7

3
 [ 84 ]  

6

4
 [ 126 ]  

5

5
 [  ]   [  ]   [  ]   [  ]   [  ] 

(𝑁𝑜𝑡𝑒:   1 ×
9

1
= 9 , 9 ×

8

2
= 36 , 36 ×

7

3
= 84 , 84 ×

6

4
= 126    )   

Step 3 

[ 1 ] 
9

1
 [ 9 ]  

8

2
 [ 36 ]  

7

3
 [ 84 ]  

6

4
 [ 126 ]  

5

5
 [ 126 ]   [ 84 ]   [ 36 ]   [ 9 ]   [ 1 ] 

Then we have 

(𝑎 + 𝑏)ଽ = 𝑎ଽ + 9𝑎଼𝑏 + 36𝑎଻𝑏ଶ + 84𝑎଺𝑏ଷ + 126𝑎ହ𝑏ସ + 126𝑎ସ𝑏ହ + 84𝑎ଷ𝑏଺ + 36𝑎ଶ𝑏଻ + 9𝑎𝑏଼ + 𝑏ଽ 

 

Identities 3.2. A Generalization of Newton’s binomial theorem (Chen Shuwen, 1985) 

(𝑎 + 𝑏 + 𝑐)௡ = ා ෍ ℎ௜,௝𝑎௝𝑏௜ି௝𝑐௡ି௜

௜

௝ୀ଴

௡

௜ୀ଴

 

here  

ℎ଴,଴ = 1  

ℎ௜,଴ =
(𝑛 + 1 − 𝑖)ℎ௜ିଵ,଴

𝑖
             ( 1 ≤ 𝑖 ≤ 𝑛) 

ℎ௜,௝ =
(𝑖 + 1 − 𝑗)ℎ௜,௝ିଵ

𝑗
              (1 ≤ 𝑗 ≤ 𝑖 ) 

 

Remark. Identities 3.1 and Identities 3.2 can be generalized to (𝑎ଵ + 𝑎ଶ + … + 𝑎௠)௡ for any m. 
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Example 3.2. The Generalization of Pascal's Triangle (Chen Shuwen, 1985, by using Identities 3.2) 

For (𝑎 + 𝑏 + 𝑐)଼ 

Step 1. Fill in the bottom row for (𝑎 + 𝑏 + 0)଼ , same as (𝑎 + 𝑏)଼ : 

[ 1 ] 
8

1
 [ 8 ]  

7

2
 [ 28 ]  

6

3
 [ 56 ]  

5

4
 [ 70 ]  

4

5
 [ 56 ]  

3

6
 [ 28 ]  

2

7
 [ 8 ]  

1

8
 [ 1 ]  

Step 2. Fill in the first number of each row, same data as the bottom row: 

[ 1 ] 

[ 8 ]    [    ] 

[ 28 ]    [    ]     [    ] 

[ 56 ]    [    ]    [    ]     [    ] 

[ 70 ]    [    ]    [    ]     [    ]    [    ] 

[ 56 ]   [    ]     [   ]     [    ]    [  ]    [  ] 

[ 28 ]   [    ]   [   ]     [    ]    [  ]   [  ]   [  ] 

[  8  ]   [  ]    [  ]    [  ]    [  ]    [  ]    [  ]    [    ]    

[  1  ]  
8

1
  [  8  ]  

7

2
  [  28  ]  

6

3
  [  56  ]  

5

4
  [  70  ]  

4

5
  [  56  ]  

3

6
  [  28  ]  

2

7
  [  8  ]  

1

8
  [  1  ]   

Step 3. Fill in the rest numbers, same method as the bottom row: 

[ 1 ] 

[ 8 ]  
1

1
  [ 8 ] 

[ 28 ]  
2

1
  [ 56 ]  

1

2
  [ 28 ] 

[ 56 ]  
3

1
  [ 168 ]  

2

2
  [ 168 ]  

1

3
  [ 56 ] 

[ 70 ]  
4

1
  [ 280 ]   

3

2
  [ 420 ]  

2

3
  [ 280 ]  

1

4
  [ 70 ] 

[ 56 ]  
5

1
  [ 280 ]  

4

2
  [ 560 ]   

3

3
  [ 560 ]  

2

4
  [ 280 ]  

1

5
  [ 56 ] 

[ 28 ] 
6

1
 [ 168 ]  

5

2
 [ 420 ]  

4

3
 [ 560 ]   

3

4
 [ 420 ]  

2

5
 [ 168 ]  

1

6
 [ 28 ] 

[  8  ] 
7

1
  [  56 ]  

6

2
  [ 168 ]  

5

3
  [ 280 ]  

4

4
  [ 280 ]  

3

5
 [ 168 ]  

2

6
  [  56 ]  

1

7
 [  8  ]    

[  1  ]  
8

1
  [  8  ]  

7

2
  [  28  ]  

6

3
  [  56  ]  

5

4
  [  70  ]  

4

5
  [  56  ]  

3

6
  [  28  ]  

2

7
  [  8  ]  

1

8
  [  1  ]  

Then we have 

(𝑎 + 𝑏 + 𝑐)଼ = 𝑐଼ 

+8𝑎𝑐଻ + 8𝑏𝑐଻ 
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+28𝑎ଶ𝑐଺ + 56𝑎𝑏𝑐଺ + 28𝑏ଶ𝑐଺ 

+56𝑎ଷ𝑐ହ + 168𝑎ଶ𝑏𝑐ହ + 168𝑎𝑏ଶ𝑐ହ + 56𝑏ଷ𝑐ହ 

+70𝑎ସ𝑐ସ + 280𝑎ଷ𝑏𝑐ସ + 420𝑎ଶ𝑏ଶ𝑐ସ + 280𝑎𝑏ଷ𝑐ସ + 70𝑏ସ𝑐ସ 

+56𝑎ହ𝑐ଷ + 280𝑎ସ𝑏𝑐ଷ + 560𝑎ଷ𝑏ଶ𝑐ଷ + 560𝑎ଶ𝑏ଷ𝑐ଷ + 280𝑎𝑏ସ𝑐ଷ + 56𝑏ହ𝑐ଷ 

+28𝑎଺𝑐ଶ + 168𝑎ହ𝑏𝑐ଶ + 420𝑎ସ𝑏ଶ𝑐ଶ + 560𝑎ଷ𝑏ଷ𝑐ଶ + 420𝑎ଶ𝑏ସ𝑐ଶ + 168𝑎𝑏ହ𝑐ଶ + 28𝑏଺𝑐ଶ 

+8𝑎଻𝑐 + 56𝑎଺𝑏𝑐 + 168𝑎ହ𝑏ଶ𝑐 + 280𝑎ସ𝑏ଷ𝑐 + 280𝑎ଷ𝑏ସ𝑐 + 168𝑎ଶ𝑏ହ𝑐 + 56𝑎𝑏଺𝑐 + 8𝑏଻𝑐 

+𝑎଼ + 8𝑎଻𝑏 + 28𝑎଺𝑏ଶ + 56𝑎ହ𝑏ଷ + 70𝑎ସ𝑏ସ + 56𝑎ଷ𝑏ହ + 28𝑎ଶ𝑏଺ + 8𝑎𝑏଻ + 𝑏଼ 

 

Identities 3.3. (The Girard-Newton Identities, Classical form, by Girard and Newton) 

Let 𝑛 and 𝑘 be positive integer. Denote 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞ + ⋯ + 𝑎௡

௞ 

and 

𝑆ଵ = −(𝑎ଵ + 𝑎ଶ + 𝑎ଷ + ⋯ + 𝑎௡) 

𝑆ଶ = 𝑎ଵ𝑎ଶ + 𝑎ଵ𝑎ଷ + 𝑎ଶ𝑎ଷ + ⋯ + 𝑎௡ିଵ𝑎௡ 

𝑆ଷ = −(𝑎ଵ𝑎ଶ𝑎ଷ + ⋯ + 𝑎௡ିଶ𝑎௡ିଵ𝑎௡) 

⋮ 

𝑆௡ = (−1)௡(𝑎ଵ𝑎ଶ𝑎ଷ … 𝑎௡) 

then 

𝑃ଵ + 1𝑆ଵ = 0 

 𝑃ଶ + 𝑆ଵ𝑃ଵ + 2𝑆ଶ = 0 

𝑃ଷ + 𝑆ଵ𝑃ଶ + 𝑆ଶ𝑃ଵ + 3𝑆ଷ = 0 

⋮ 

𝑃௡ + 𝑆ଵ𝑃௡ିଵ + 𝑆ଶ𝑃௡ିଶ + ⋯ + 𝑆௡ିଵ𝑃ଵ + 𝑛𝑆௡ = 0 

𝑃௞ + 𝑆ଵ𝑃௞ିଵ + 𝑆ଶ𝑃௞ିଶ + ⋯ + 𝑆௡ିଵ𝑃௞ି௡ାଵ + 𝑆௡𝑃௞ି௡ = 0  for 𝑘 > 𝑛 

 

Identities 3.4. (Equivalent form of The Girard-Newton Identities, by Chen Shuwen, 2017, 2019) 

Let 𝑛 and 𝑘 be positive integer. Denote 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞ + ⋯ 𝑎௡

௞ 

and denote 

𝑆ଵ = −(𝑃ଵ) 1⁄  

𝑆ଶ = −(𝑃ଶ + 𝑆ଵ𝑃ଵ) 2⁄  

𝑆ଷ = −(𝑃ଷ + 𝑆ଵ𝑃ଶ + 𝑆ଶ𝑃ଵ) 3⁄  

⋮ 

𝑆௞ = −(𝑃௞ + 𝑆ଵ𝑃௞ିଵ + 𝑆ଶ𝑃௞ିଶ + ⋯ + 𝑆௞ିଵ𝑃ଵ) 𝑘⁄          

Then 

𝑆ଵ = −(𝑎ଵ + 𝑎ଶ + 𝑎ଷ + ⋯ + 𝑎௡) 

𝑆ଶ = 𝑎ଵ𝑎ଶ + 𝑎ଵ𝑎ଷ + 𝑎ଶ𝑎ଷ + ⋯ + 𝑎௡ିଵ𝑎௡ 

𝑆ଷ = −(𝑎ଵ𝑎ଶ𝑎ଷ + ⋯ + 𝑎௡ିଶ𝑎௡ିଵ𝑎௡) 

⋮ 

𝑆௞ = (−1)௞ ෍ 𝑎௝భ
𝑎௝మ

… 𝑎௝ೖ

ଵஸ௝భழ௝మழ⋯ழ௝ೖஸ௡

 

⋮ 

𝑆௡ = (−1)௡(𝑎ଵ𝑎ଶ𝑎ଷ … 𝑎௡) 

𝑆௞ = 0  for 𝑘 > 𝑛 
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and 

 𝑃ଵ + 1𝑆ଵ = 0 

 𝑃ଶ + 𝑆ଵ𝑃ଵ + 2𝑆ଶ = 0 

𝑃ଷ + 𝑆ଵ𝑃ଶ + 𝑆ଶ𝑃ଵ + 3𝑆ଷ = 0 

⋮ 

𝑃௡ + 𝑆ଵ𝑃௡ିଵ + 𝑆ଶ𝑃௡ିଶ + ⋯ + 𝑆௡ିଵ𝑃ଵ + 𝑛𝑆௡ = 0 

𝑃௞ + 𝑆ଵ𝑃௞ିଵ + 𝑆ଶ𝑃௞ିଶ + ⋯ + 𝑆௡ିଵ𝑃௞ି௡ାଵ + 𝑆௡𝑃௞ି௡ = 0  for 𝑘 > 𝑛 

 

Example 3.3. ( 𝑛 = 5 case of Identities 3.4 ) 

Let 𝑘 be positive integer. Denote 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞ + 𝑎ସ

௞ + 𝑎ହ
௞ 

and Denote 

𝑆ଵ = −(𝑃ଵ) 1⁄  

𝑆ଶ = −(𝑃ଶ + 𝑆ଵ𝑃ଵ) 2⁄  

𝑆ଷ = −(𝑃ଷ + 𝑆ଵ𝑃ଶ + 𝑆ଶ𝑃ଵ) 3⁄  

𝑆ସ = −(𝑃ସ + 𝑆ଵ𝑃ଷ + 𝑆ଶ𝑃ଶ + 𝑆ଷ𝑃ଵ) 4⁄  

𝑆ହ = −(𝑃ହ + 𝑆ଵ𝑃ସ + 𝑆ଶ𝑃ଷ + 𝑆ଷ𝑃ଶ + 𝑆ସ𝑃ଵ) 5⁄  

𝑆଺ = −(𝑃଺ + 𝑆ଵ𝑃ହ + 𝑆ଶ𝑃ସ + 𝑆ଷ𝑃ଷ + 𝑆ସ𝑃ଶ + 𝑆ହ𝑃ଵ) 6⁄  

𝑆଻ = −(𝑃଻ + 𝑆ଵ𝑃଺ + 𝑆ଶ𝑃ହ + 𝑆ଷ𝑃ସ + 𝑆ସ𝑃ଷ + 𝑆ହ𝑃ଶ + 𝑆଺𝑃ଵ) 7⁄  

𝑆଼ = −(𝑃 + 𝑆ଵ𝑃଻ + 𝑆ଶ𝑃଺ + 𝑆ଷ𝑃ହ + 𝑆ସ𝑃ସ + 𝑆ହ𝑃ଷ + 𝑆଺𝑃ଶ + 𝑆଻𝑃ଵ) 8⁄  

⋮ 

𝑆௞ = −(𝑃௞ + 𝑆ଵ𝑃௞ିଵ + 𝑆ଶ𝑃௞ିଶ + ⋯ + 𝑆௞ିଵ𝑃ଵ) 𝑘⁄          

Then 

𝑆ଵ = −(𝑎ଵ + 𝑎ଶ + 𝑎ଷ + 𝑎ସ + 𝑎ହ) 

𝑆ଶ = 𝑎ଵ𝑎ଶ + 𝑎ଵ𝑎ଷ + 𝑎ଶ𝑎ଷ + ⋯ + 𝑎ସ𝑎ହ 

𝑆ଷ = −(𝑎ଵ𝑎ଶ𝑎ଷ + 𝑎ଵ𝑎ଶ𝑎ସ + 𝑎ଵ𝑎ଷ𝑎ସ + ⋯ + 𝑎ଷ𝑎ସ𝑎ହ) 

𝑆ସ = 𝑎ଵ𝑎ଶ𝑎ଷ𝑎ସ + 𝑎ଵ𝑎ଶ𝑎ଷ𝑎ହ + 𝑎ଵ𝑎ଶ𝑎ସ𝑎ହ + 𝑎ଵ𝑎ଷ𝑎ସ𝑎ହ + 𝑎ଶ𝑎ଷ𝑎ସ𝑎ହ 

𝑆ହ = −𝑎ଵ𝑎ଶ𝑎ଷ𝑎ସ𝑎ହ 

𝑆଺ = 0 

𝑆଻ = 0 

𝑆଼ = 0 

⋮ 

𝑆௞ = 0  for 𝑘 > 5 

and 

𝑃ଵ + 1𝑆ଵ = 0 

 𝑃ଶ + 𝑆ଵ𝑃ଵ + 2𝑆ଶ = 0 

𝑃ଷ + 𝑆ଵ𝑃ଶ + 𝑆ଶ𝑃ଵ + 3𝑆ଷ = 0 

𝑃ସ + 𝑆ଵ𝑃ଷ + 𝑆ଶ𝑃ଶ + 𝑆ଷ𝑃ଵ + 4𝑆ସ = 0 

𝑃ହ + 𝑆ଵ𝑃ସ + 𝑆ଶ𝑃ଷ + 𝑆ଷ𝑃ଶ + 𝑆ସ𝑃ଵ + 5𝑆ହ = 0 

𝑃଺ + 𝑆ଵ𝑃ହ + 𝑆ଶ𝑃ସ + 𝑆ଷ𝑃ଷ + 𝑆ସ𝑃ଶ + 𝑆ହ𝑃ଵ = 0 

𝑃଻ + 𝑆ଵ𝑃଺ + 𝑆ଶ𝑃ହ + 𝑆ଷ𝑃ସ + 𝑆ସ𝑃ଷ + 𝑆ହ𝑃ଶ = 0 

𝑃 + 𝑆ଵ𝑃଻ + 𝑆ଶ𝑃଺ + 𝑆ଷ𝑃ହ + 𝑆ସ𝑃ସ + 𝑆ହ𝑃ଷ = 0 

⋮ 

𝑃௞ + 𝑆ଵ𝑃௞ିଵ + 𝑆ଶ𝑃௞ିଶ + 𝑆ଷ𝑃௞ିଷ + 𝑆ସ𝑃௞ିସ + 𝑆ହ𝑃௞ିହ = 0  for 𝑘 > 5 
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Identities 3.5. (Chen Shuwen, 2017, 2019) 

Let 

𝑆ଵ = −| 𝑃ଵ | / 1! 
𝑆ଶ = ฬ 

𝑃ଵ 1
𝑃ଶ 𝑃ଵ

 ฬ  / 2!  

𝑆ଷ = − อ 

𝑃ଵ 1 0
𝑃ଶ 𝑃ଵ 2
𝑃ଷ 𝑃ଶ 𝑃ଵ

 อ  / 3! 𝑆ସ = ተ 

𝑃ଵ 1 0 0
𝑃ଶ 𝑃ଵ 2 0
𝑃ଷ 𝑃ଶ 𝑃ଵ 3
𝑃ସ 𝑃ଷ 𝑃ଶ 𝑃ଵ

 ተ  / 4!  

𝑆ହ = − ተ
ተ 

𝑃ଵ 1 0 0 0
𝑃ଶ 𝑃ଵ 2 0 0
𝑃ଷ 𝑃ଶ 𝑃ଵ 3 0
𝑃ସ 𝑃ଷ 𝑃ଶ 𝑃ଵ 4
𝑃ହ 𝑃ସ 𝑃ଷ 𝑃ଶ 𝑃ଵ

 ተ
ተ  / 5! 

 

𝑆଺ =
ተ

ተ
 

𝑃ଵ 1 0 0 0 0
𝑃ଶ 𝑃ଵ 2 0 0 0
𝑃ଷ 𝑃ଶ 𝑃ଵ 3 0 0
𝑃ସ 𝑃ଷ 𝑃ଶ 𝑃ଵ 4 0
𝑃ହ 𝑃ସ 𝑃ଷ 𝑃ଶ 𝑃ଵ 5
𝑃଺ 𝑃ହ 𝑃ସ 𝑃ଷ 𝑃ଶ 𝑃ଵ

 
ተ

ተ
 / 6!  

𝑆଻ = −

ተ

ተ

 

𝑃ଵ 1 0 0 0 0 0
𝑃ଶ 𝑃ଵ 2 0 0 0 0
𝑃ଷ 𝑃ଶ 𝑃ଵ 3 0 0 0
𝑃ସ 𝑃ଷ 𝑃ଶ 𝑃ଵ 4 0 0
𝑃ହ 𝑃ସ 𝑃ଷ 𝑃ଶ 𝑃ଵ 5 0
𝑃଺ 𝑃ହ 𝑃ସ 𝑃ଷ 𝑃ଶ 𝑃ଵ 6
𝑃଻ 𝑃଺ 𝑃ହ 𝑃ସ 𝑃ଷ 𝑃ଶ 𝑃ଵ

 

ተ

ተ

 / 7!  
𝑆଼ =

ተ

ተ

ተ

 

𝑃ଵ 1 0 0 0 0 0 0
𝑃ଶ 𝑃ଵ 2 0 0 0 0 0
𝑃ଷ 𝑃ଶ 𝑃ଵ 3 0 0 0 0
𝑃ସ 𝑃ଷ 𝑃ଶ 𝑃ଵ 4 0 0 0
𝑃ହ 𝑃ସ 𝑃ଷ 𝑃ଶ 𝑃ଵ 5 0 0
𝑃଺ 𝑃ହ 𝑃ସ 𝑃ଷ 𝑃ଶ 𝑃ଵ 6 0
𝑃଻ 𝑃଺ 𝑃ହ 𝑃ସ 𝑃ଷ 𝑃ଶ 𝑃ଵ 7
𝑃 𝑃଻ 𝑃଺ 𝑃ହ 𝑃ସ 𝑃ଷ 𝑃ଶ 𝑃ଵ

 

ተ

ተ

ተ

 / 8!  

𝑆௞ = (−1)𝑘

ተ

ተ

 

𝑃ଵ 1 0 … 0 0 0
𝑃ଶ 𝑃ଵ 2 … 0 0 0
𝑃ଷ 𝑃ଶ 𝑃ଵ … 0 0 0

⋮ ⋮ ⋮ ⋮ ⋮ ⋮
𝑃௞ିଶ 𝑃௞ିଷ 𝑃௞ିସ … 𝑃ଵ 𝑘 − 2 0
𝑃௞ିଵ 𝑃௞ିଶ 𝑃௞ିଷ … 𝑃ଶ 𝑃ଵ 𝑘 − 1

𝑃௞ 𝑃௞ିଵ 𝑃௞ିଶ … 𝑃ଷ 𝑃ଶ 𝑃ଵ

 

ተ

ተ

 / 𝑘! 

then the above relations are equivalent to 

𝑆ଵ = −(𝑃ଵ) 1⁄  

𝑆ଶ = −(𝑃ଶ + 𝑆ଵ𝑃ଵ) 2⁄  

𝑆ଷ = −(𝑃ଷ + 𝑆ଵ𝑃ଶ + 𝑆ଶ𝑃ଵ) 3⁄  

𝑆ସ = −(𝑃ସ + 𝑆ଵ𝑃ଷ + 𝑆ଶ𝑃ଶ + 𝑆ଷ𝑃ଵ) 4⁄  

𝑆ହ = −(𝑃ହ + 𝑆ଵ𝑃ସ + 𝑆ଶ𝑃ଷ + 𝑆ଷ𝑃ଶ + 𝑆ସ𝑃ଵ) 5⁄  

𝑆଺ = −(𝑃଺ + 𝑆ଵ𝑃ହ + 𝑆ଶ𝑃ସ + 𝑆ଷ𝑃ଷ + 𝑆ସ𝑃ଶ + 𝑆ହ𝑃ଵ) 6⁄  

𝑆଻ = −(𝑃଻ + 𝑆ଵ𝑃଺ + 𝑆ଶ𝑃ହ + 𝑆ଷ𝑃ସ + 𝑆ସ𝑃ଷ + 𝑆ହ𝑃ଶ + 𝑆଺𝑃ଵ) 7⁄  

𝑆଼ = −(𝑃 + 𝑆ଵ𝑃଻ + 𝑆ଶ𝑃଺ + 𝑆ଷ𝑃ହ + 𝑆ସ𝑃ସ + 𝑆ହ𝑃ଷ + 𝑆଺𝑃ଶ + 𝑆଻𝑃ଵ) 8⁄  

⋮ 

𝑆௞ = −(𝑃௞ + 𝑆ଵ𝑃௞ିଵ + 𝑆ଶ𝑃௞ିଶ + ⋯ + 𝑆௞ିଵ𝑃ଵ) 𝑘⁄  

 

Definition 3.1. ( 𝑃 form of 𝑆௞ ) 

By expand the below relations of 𝑆௞ and 𝑃௞ 

𝑆ଵ = −(𝑃ଵ) 1⁄  

𝑆ଶ = −(𝑃ଶ + 𝑆ଵ𝑃ଵ) 2⁄  

𝑆ଷ = −(𝑃ଷ + 𝑆ଵ𝑃ଶ + 𝑆ଶ𝑃ଵ) 3⁄  

⋮ 

𝑆௞ = −(𝑃௞ + 𝑆ଵ𝑃௞ିଵ + 𝑆ଶ𝑃௞ିଶ + ⋯ + 𝑆௞ିଵ𝑃ଵ) 𝑘⁄  
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We have 

𝑆ଵ = −𝑃ଵ 

𝑆ଶ =
𝑃ଵ

ଶ

2
−

𝑃ଶ

2
 

𝑆ଷ = −
𝑃ଵ

ଷ

6
+

𝑃ଵ𝑃ଶ

2
−

𝑃ଷ

3
 

𝑆ସ =
𝑃ଵ

ସ

24
−

1

4
𝑃ଵ

ଶ𝑃ଶ +
𝑃ଶ

ଶ

8
+

𝑃ଵ𝑃ଷ

3
−

𝑃ସ

4
 

𝑆ହ = −
𝑃ଵ

ହ

120
+

1

12
𝑃ଵ

ଷ𝑃ଶ −
1

8
𝑃ଵ𝑃ଶ

ଶ −
1

6
𝑃ଵ

ଶ𝑃ଷ +
𝑃ଶ𝑃ଷ

6
+

𝑃ଵ𝑃ସ

4
−

𝑃ହ

5
 

𝑆଺ =
𝑃ଵ

଺

720
−

1

48
𝑃ଵ

ସ𝑃ଶ +
1

16
𝑃ଵ

ଶ𝑃ଶ
ଶ −

𝑃ଶ
ଷ

48
+

1

18
𝑃ଵ

ଷ𝑃ଷ −
1

6
𝑃ଵ𝑃ଶ𝑃ଷ +

𝑃ଷ
ଶ

18
−

1

8
𝑃ଵ

ଶ𝑃ସ +
𝑃ଶ𝑃ସ

8
+

𝑃ଵ𝑃ହ

5
−

𝑃଺

6
 

𝑆଻ = −
𝑃ଵ

଻

5040
+

1

240
𝑃ଵ

ହ𝑃ଶ −
1

48
𝑃ଵ

ଷ𝑃ଶ
ଶ +

1

48
𝑃ଵ𝑃ଶ

ଷ −
1

72
𝑃ଵ

ସ𝑃ଷ +
1

12
𝑃ଵ

ଶ𝑃ଶ𝑃ଷ −
1

24
𝑃ଶ

ଶ𝑃ଷ −
1

18
𝑃ଵ𝑃ଷ

ଶ +
1

24
𝑃ଵ

ଷ𝑃ସ

−
1

8
𝑃ଵ𝑃ଶ𝑃ସ +

𝑃ଷ𝑃ସ

12
−

1

10
𝑃ଵ

ଶ𝑃ହ +
𝑃ଶ𝑃ହ

10
+

𝑃ଵ𝑃଺

6
−

𝑃଻

7
 

… … 

Generally 

𝑆௞ = ෍
(−𝑃ଵ/1)௜భ(−𝑃ଶ/2)௜మ … (−𝑃௞/𝑘)௜ೖ

𝑖ଵ! 𝑖ଶ! … 𝑖௞!
଴ஸ௜భ,௜మ,௜య,…,௜ೖஸ௞

௜భାଶ௜మା⋯ା௞௜ೖୀ௞

 

We call it the 𝑃 form of 𝑆௞. 

 

Definition 3.2.  (𝑄 form of 𝑆௞  , Chen Shuwen, 2017) 

For the relation of 𝑆௞ and 𝑃௞ 

𝑆ଵ = −(𝑃ଵ) 1⁄  

𝑆ଶ = −(𝑃ଶ + 𝑆ଵ𝑃ଵ) 2⁄  

𝑆ଷ = −(𝑃ଷ + 𝑆ଵ𝑃ଶ + 𝑆ଶ𝑃ଵ) 3⁄  

⋮ 

𝑆௞ = −(𝑃௞ + 𝑆ଵ𝑃௞ିଵ + 𝑆ଶ𝑃௞ିଶ + ⋯ + 𝑆௞ିଵ𝑃ଵ) 𝑘⁄         

If we let 

𝑃௞ = −𝑘 𝑄௞ 

then 

𝑆ଵ = 𝑄ଵ 

𝑆ଶ =
𝑄ଵ

ଶ

2!
+ 𝑄ଶ 

𝑆ଷ =
𝑄ଵ

ଷ

3!
+ 𝑄ଵ𝑄ଶ + 𝑄ଷ 

𝑆ସ =
𝑄ଵ

ସ

4!
+

𝑄ଵ
ଶ

2!
𝑄ଶ +

𝑄ଶ
ଶ

2!
+ 𝑄ଵ𝑄ଷ + 𝑄ସ 

𝑆ହ =
𝑄ଵ

ହ

5!
+

𝑄ଵ
ଷ

3!
𝑄ଶ +

𝑄ଶ
ଶ

2!
𝑄ଵ +

𝑄ଵ
ଶ

2!
𝑄ଷ + 𝑄ଶ𝑄ଷ + 𝑄ଵ𝑄ସ + 𝑄ହ 

𝑆଺ =
𝑄ଵ

଺

6!
+

𝑄ଵ
ସ

4!
𝑄ଶ +

𝑄ଶ
ଶ

2!

𝑄ଵ
ଶ

2!
+

𝑄ଶ
ଷ

3!
+

𝑄ଵ
ଷ

3!
𝑄ଷ + 𝑄ଵ𝑄ଶ𝑄ଷ +

𝑄ଷ
ଶ

2!
+

𝑄ଵ
ଶ

2!
𝑄ସ + 𝑄ଶ𝑄ସ + 𝑄ଵ𝑄ହ + 𝑄଺ 
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𝑆଻ =
𝑄ଵ

଻

7!
+

𝑄ଵ
ହ

5!
𝑄ଶ +

𝑄ଵ
ଷ

3!

𝑄ଶ
ଶ

2!
+ 𝑄ଵ

𝑄ଶ
ଷ

3!
+

𝑄ଵ
ସ

4!
𝑄ଷ +

𝑄ଵ
ଶ

2!
𝑄ଶ𝑄ଷ +

𝑄ଶ
ଶ

2!
𝑄ଷ + 𝑄ଵ

𝑄ଷ
ଶ

2!
+

𝑄ଵ
ଷ

3!
𝑄ସ + 𝑄ଵ𝑄ଶ𝑄ସ + 𝑄ଷ𝑄ସ

+
𝑄ଵ

ଶ

2!
𝑄ହ + 𝑄ଶ𝑄ହ + 𝑄ଵ𝑄଺ + 𝑄଻ 

… … 

Generally 

𝑆௞ = ෍
𝑄ଵ

௜భ𝑄ଶ
௜మ … 𝑄௞

௜ೖ

𝑖ଵ! 𝑖ଶ! … 𝑖௞!
଴ஸ௜భ,௜మ,௜య,…,௜ೖஸ௞

௜భାଶ௜మା⋯ା௞ ೖୀ௞

 

We call it the 𝑄 form of 𝑆௞. In case of 𝑄 form, the sign of each item is always positive. 

 

Definition 3.3.  (𝐹 form of 𝑆௞ , Chen Shuwen, 1999) 

For the relation of 𝑆௞ and 𝑃௞ 

𝑆ଵ = −(𝑃ଵ) 1⁄  

𝑆ଶ = −(𝑃ଶ + 𝑆ଵ𝑃ଵ) 2⁄  

𝑆ଷ = −(𝑃ଷ + 𝑆ଵ𝑃ଶ + 𝑆ଶ𝑃ଵ) 3⁄  

⋮ 

𝑆௞ = −(𝑃௞ + 𝑆ଵ𝑃௞ିଵ + 𝑆ଶ𝑃௞ିଶ + ⋯ + 𝑆௞ିଵ𝑃ଵ) 𝑘⁄         

If we let 

𝑃ଵ = −𝐹ଵ 

𝑃௞ = 𝑃ଵ
௞ − 𝑘𝐹௞    for 𝑘 > 1 

then 

𝑆ଵ = 𝐹ଵ 

 𝑆ଶ = 𝐹ଶ 

 𝑆ଷ = 𝐹ଵ𝐹ଶ + 𝐹ଷ 

𝑆ସ =
𝐹ଶ

ଶ

2
+ 𝐹ଵ𝐹ଷ + 𝐹ସ 

𝑆ହ =
1

2
𝐹ଵ𝐹ଶ

ଶ + 𝐹ଶ𝐹ଷ + 𝐹ଵ𝐹ସ + 𝐹ହ 

𝑆଺ =
𝐹ଶ

ଷ

6
+ 𝐹ଵ𝐹ଶ𝐹ଷ +

𝐹ଷ
ଶ

2
+ 𝐹ଶ𝐹ସ + 𝐹ଵ𝐹ହ + 𝐹଺ 

𝑆଻ =
1

6
𝐹ଵ𝐹ଶ

ଷ +
1

2
𝐹ଶ

ଶ𝐹ଷ +
1

2
𝐹ଵ𝐹ଷ

ଶ + 𝐹ଵ𝐹ଶ𝐹ସ + 𝐹ଷ𝐹ସ + 𝐹ଶ𝐹ହ + 𝐹ଵ𝐹଺ + 𝐹଻ 

𝑆଼ =
𝐹ଶ

ସ

24
+

1

2
𝐹ଵ𝐹ଶ

ଶ𝐹ଷ +
1

2
𝐹ଶ𝐹ଷ

ଶ +
1

2
𝐹ଶ

ଶ𝐹ସ + 𝐹ଵ𝐹ଷ𝐹ସ +
𝐹ସ

ଶ

2
+ 𝐹ଵ𝐹ଶ𝐹ହ + 𝐹ଷ𝐹ହ + 𝐹ଶ𝐹଺ + 𝐹ଵ𝐹଻ + 𝐹  

… … 

Generally 

𝑆௞ = ෍
𝐹ଵ

௜భ𝐹ଶ
௜మ𝐹ଷ

௜య … 𝐹௞
௜ೖ

𝑖ଶ! 𝑖ଷ! … 𝑖௞!
଴ஸ௜భஸଵ

଴ஸ௜మ,௜య,…,௜ೖஸ௞
௜భାଶ௜మା⋯ା௞ ೖୀ௞

 

We call it the 𝐹 form of 𝑆௞. In case of 𝐹 form, the sign of each item is positive, and the power exponent of 𝐹ଵ 

is always 1.  
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Definition 3.4.  (𝐷 form of 𝑆௞  , Chen Shuwen, 2020) 

For the relation of 𝑆௞ and 𝑃௞ 

𝑆ଵ = −(𝑃ଵ) 1⁄  

𝑆ଶ = −(𝑃ଶ + 𝑆ଵ𝑃ଵ) 2⁄  

𝑆ଷ = −(𝑃ଷ + 𝑆ଵ𝑃ଶ + 𝑆ଶ𝑃ଵ) 3⁄  

⋮ 

𝑆௞ = −(𝑃௞ + 𝑆ଵ𝑃௞ିଵ + 𝑆ଶ𝑃௞ିଶ + ⋯ + 𝑆௞ିଵ𝑃ଵ) 𝑘⁄         

If we let 

𝑃ଵ = −𝐷ଵ 

𝑃ଶ = 𝐷ଵ
ଶ − 2𝐷ଶ 

𝑃ଷ = −𝐷ଵ
ଷ − 3𝐷ଷ 

𝑃ସ = 𝐷ଵ
ସ + 2𝐷ଶ

ଶ − 4𝐷ସ  

𝑃ହ = −𝐷ଵ
ହ − 5𝐷ହ 

𝑃଺ = 𝐷ଵ
଺ − 2𝐷ଶ

ଷ + 3𝐷ଷ
ଶ − 6𝐷଺ 

𝑃଻ = −𝐷ଵ
଻ − 7𝐷଻ 

𝑃 = 𝐷ଵ
଼ + 2𝐷ଶ

ସ + 4𝐷ସ
ଶ − 8𝐷଼ 

𝑃ଽ = −𝐷ଵ
ଽ − 3𝐷ଷ

ଷ − 9𝐷ଽ 

𝑃ଵ଴ = 𝐷ଵ
ଵ଴ − 2𝐷ଶ

ହ + 5𝐷ହ
ଶ − 10𝐷ଵ଴ 

𝑃ଵଵ = −𝐷ଵ
ଵଵ − 11𝐷ଵଵ 

⋮ 

𝑃௞ = ෍(−1)
ቆ

௞
𝑓𝑗

ቇ
𝑓

𝑗
𝐷

𝑓𝑗 

ቆ
௞
𝑓𝑗

ቇℎ

𝑗=1

 

here 𝑓ଵ, 𝑓ଶ, … . , 𝑓௛ are all positive factors of 𝑘, include 1 and 𝑘 itself. 

then 

𝑆ଵ = 𝐷1 

𝑆ଶ = 𝐷ଶ 

 𝑆ଷ = 𝐷ଵ𝐷ଶ + 𝐷ଷ 

𝑆ସ = 𝐷ଵ𝐷ଷ + 𝐷ସ 

𝑆ହ = 𝐷ଶ𝐷ଷ + 𝐷ଵ𝐷ସ + 𝐷ହ 

𝑆଺ = 𝐷ଵ𝐷ଶ𝐷ଷ + 𝐷ଶ𝐷ସ + 𝐷ଵ𝐷ହ + 𝐷଺ 

𝑆଻ = 𝐷ଵ𝐷ଶ𝐷ସ + 𝐷ଷ𝐷ସ + 𝐷ଶ𝐷ହ + 𝐷ଵ𝐷଺ + 𝐷଻ 

𝑆଼ = 𝐷ଵ𝐷ଷ𝐷ସ + 𝐷ଵ𝐷ଶ𝐷ହ + 𝐷ଷ𝐷ହ + 𝐷ଶ𝐷଺ + 𝐷ଵ𝐷଻ + 𝐷଼ 

𝑆9 = 𝐷ଶ𝐷ଷ𝐷ସ + 𝐷ଵ𝐷ଷ𝐷ହ + 𝐷ସ𝐷ହ + 𝐷ଵ𝐷ଶ𝐷଺ + 𝐷ଷ𝐷଺ + 𝐷ଶ𝐷଻ + 𝐷ଵ𝐷଼ + 𝐷ଽ 

𝑆ଵ଴ = 𝐷1𝐷2𝐷3𝐷4 + 𝐷2𝐷3𝐷5 + 𝐷1𝐷4𝐷5 + 𝐷1𝐷3𝐷6 + 𝐷4𝐷6 + 𝐷1𝐷2𝐷7 + 𝐷3𝐷7 + 𝐷2𝐷8 + 𝐷1𝐷9 + 𝐷10 

𝑆ଵଵ = 𝐷1𝐷2𝐷3𝐷5 + 𝐷2𝐷4𝐷5 + 𝐷2𝐷3𝐷6 + 𝐷1𝐷4𝐷6 + 𝐷5𝐷6 + 𝐷1𝐷3𝐷7 + 𝐷4𝐷7 + 𝐷1𝐷2𝐷8 + 𝐷3𝐷8 + 𝐷2𝐷9

+ 𝐷1𝐷10 + 𝐷11 

… … 

Generally 

𝑆௞ = ෍ 𝐷ଵ
௜భ𝐷ଶ

௜మ𝐷ଷ
௜య … 𝐷௞

௜ೖ

଴ஸ௜భ,௜మ,௜య,…,௜ೖஸଵ
௜భାଶ௜మା⋯ା௞ ೖୀ௞

 

We call it the 𝐷 form of 𝑆௞. In case of 𝐷 form, the sign of each item is positive, the coefficient of each item is 

always 1, and the power exponents of 𝐷ଵ, 𝐷ଶ, … , 𝐷௞  all are 1.  
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Example 3.3. 

Comparation of 𝑃 form, 𝑄 form, 𝐹 form, and 𝐷 form: 

𝑆଻ = −
𝑃ଵ

଻

5040
+

1

240
𝑃ଵ

ହ𝑃ଶ −
1

48
𝑃ଵ

ଷ𝑃ଶ
ଶ +

1

48
𝑃ଵ𝑃ଶ

ଷ −
1

72
𝑃ଵ

ସ𝑃ଷ +
1

12
𝑃ଵ

ଶ𝑃ଶ𝑃ଷ −
1

24
𝑃ଶ

ଶ𝑃ଷ −
1

18
𝑃ଵ𝑃ଷ

ଶ +
1

24
𝑃ଵ

ଷ𝑃ସ

−
1

8
𝑃ଵ𝑃ଶ𝑃ସ +

𝑃ଷ𝑃ସ

12
−

1

10
𝑃ଵ

ଶ𝑃ହ +
𝑃ଶ𝑃ହ

10
+

𝑃ଵ𝑃଺

6
−

𝑃଻

7
 

𝑆଻ =
𝑄ଵ

଻

7!
+

𝑄ଵ
ହ

5!
𝑄ଶ +

𝑄ଵ
ଷ

3!

𝑄ଶ
ଶ

2!
+ 𝑄ଵ

𝑄ଶ
ଷ

3!
+

𝑄ଵ
ସ

4!
𝑄ଷ +

𝑄ଵ
ଶ

2!
𝑄ଶ𝑄ଷ +

𝑄ଶ
ଶ

2!
𝑄ଷ + 𝑄ଵ

𝑄ଷ
ଶ

2!
+

𝑄ଵ
ଷ

3!
𝑄ସ + 𝑄ଵ𝑄ଶ𝑄ସ + 𝑄ଷ𝑄ସ +

𝑄ଵ
ଶ

2!
𝑄ହ

+ 𝑄ଶ𝑄ହ + 𝑄ଵ𝑄଺ + 𝑄଻ 

𝑆଻ =
𝐹ଶ

ଷ

3!
𝐹ଵ +

𝐹ଶ
ଶ

2!
𝐹ଷ +

𝐹ଷ
ଶ

2!
𝐹ଵ + 𝐹ଵ𝐹ଶ𝐹ସ + 𝐹ଷ𝐹ସ + 𝐹ଶ𝐹ହ + 𝐹ଵ𝐹଺ + 𝐹଻ 

𝑆଻ = 𝐷ଵ𝐷ଶ𝐷ସ + 𝐷ଷ𝐷ସ + 𝐷ଶ𝐷ହ + 𝐷ଵ𝐷଺ + 𝐷଻ 

 

Definition 3.4.1. An equivalent definition of 𝑫 form 

The below relation in Definition 3.4. 

𝑃௞ = ෍(−1)
ቆ

௞
𝑓𝑗

ቇ
𝑓

𝑗
𝐷

𝑓𝑗 

ቆ
௞
𝑓𝑗

ቇℎ

𝑗=1

 here 𝑓ଵ, 𝑓ଶ, … . , 𝑓௛ are all positive factors of 𝑘, include 1 and 𝑘 itself. 

is equivalent to  

𝑃ଵ = −𝐷ଵ  

𝑃௞ = (−1)௞𝐷ଵ
௞ − 𝑘𝐷௞  𝑘 is prime number 

𝑃௞ = (−1)௞𝐷ଵ
௞ − 𝑘𝐷௞ + ෍(−1)

ቆ
𝑘

௙ೕ
ቇ

𝑓௝𝐷
௙ೕ 

ቆ
𝑘

௙ೕ
ቇ

௛

௝ୀଵ

 
𝑘 is composite number with all its positive factors 

𝑓ଵ, 𝑓ଶ, … . , 𝑓௛, exclude 1 and 𝑘 itself. 

Example: 

𝑃ଵ = −𝐷ଵ 

𝑃ଶ = 𝐷ଵ
ଶ − 2𝐷ଶ 

𝑃ଷ = −𝐷ଵ
ଷ − 3𝐷ଷ 

𝑃ସ = 𝐷ଵ
ସ − 4𝐷ସ + (2𝐷ଶ

ଶ)  

𝑃ହ = −𝐷ଵ
ହ − 5𝐷ହ 

𝑃଺ = 𝐷ଵ
଺ − 6𝐷଺ + (−2𝐷ଶ

ଷ + 3𝐷ଷ
ଶ) 

𝑃଻ = −𝐷ଵ
଻ − 7𝐷଻ 

𝑃 = 𝐷ଵ
଼ − 8𝐷଼ + (2𝐷ଶ

ସ + 4𝐷ସ
ଶ) 

𝑃ଽ = −𝐷ଵ
ଽ − 9𝐷ଽ + (−3𝐷ଷ

ଷ) 

𝑃ଵ଴ = 𝐷ଵ
ଵ଴ − 10𝐷ଵ଴ + (−2𝐷ଶ

ହ + 5𝐷ହ
ଶ) 

𝑃ଵଵ = −𝐷ଵ
ଵଵ − 11𝐷ଵଵ 

𝑃ଵଶ = 𝐷ଵ
ଵଶ − 12𝐷ଵଶ + (2𝐷ଶ

଺ + 3𝐷ଷ
ସ − 4𝐷ସ

ଷ + 6𝐷଺
ଶ) 

𝑃ଵଷ = −𝐷ଵ
ଵଷ − 13𝐷ଵଷ 

𝑃ଵସ = 𝐷ଵ
ଵସ − 14𝐷ଵସ + (−2𝐷ଶ

଻ + 7𝐷଻
ଶ) 

𝑃ଵହ = −𝐷ଵ
ଵହ − 15𝐷ଵହ + (−3𝐷ଷ

ହ − 5𝐷ହ
ଷ) 

𝑃ଵ଺ = 𝐷ଵ
ଵ଺ − 16𝐷ଵ଺ + (2𝐷ଶ

଼ + 4𝐷ସ
ସ + 8𝐷଼

ଶ) 

𝑃ଵ଻ = −𝐷ଵ
ଵ଻ − 17𝐷ଵ଻ 

… … 

It is very interesting that the relation of 𝑃௞ and 𝐷௞ shows the primeness and factors of 𝑘. 
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Identities 3.6. (𝑃 form of The Girard-Newton Identities, by Chen Shuwen, 2017-2019) 

Let 𝑛 and 𝑘 be positive integer. Denote 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞ + ⋯ 𝑎௡

௞ 

and  

𝑆௞ = ෍
(−𝑃ଵ/1)௜భ(−𝑃ଶ/2)௜మ … (−𝑃௞/𝑘)௜ೖ

𝑖ଵ! 𝑖ଶ! … 𝑖௞!
଴ஸ௜భ,௜మ,௜య,…,௜ೖஸ௞

௜భାଶ௜మା⋯ା௞௜ೖୀ௞

 

then 

𝑆௞ = (−1)௞ ෍ 𝑎𝑗1
𝑎𝑗2

… 𝑎𝑗𝑘

1≤𝑗1<𝑗2<⋯<𝑗𝑘≤𝑛

 𝑘 ≤ 𝑛 

𝑆௞ = 0 𝑘 > 𝑛 

 

Identities 3.7. (𝑄 form of The Girard-Newton Identities, by Chen Shuwen, 2017-2019) 

Let 𝑛 and 𝑘 be positive integers. Denote 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + ⋯ + 𝑎௡
௞     

and 

𝑄௞ = −𝑃௞ 𝑘⁄              

and 

𝑆௞ = ෍
𝑄ଵ

௜భ𝑄ଶ
௜మ … 𝑄௞

௜ೖ

𝑖ଵ! 𝑖ଶ! … 𝑖௞!
଴ஸ௜భ,௜మ,௜య,…,௜ೖஸ௞

௜భାଶ௜మା⋯ା௞௜ೖୀ௞

 

then 

𝑆௞ = (−1)௞ ෍ 𝑎𝑗1
𝑎𝑗2

… 𝑎𝑗𝑘

1≤𝑗1<𝑗2<⋯<𝑗𝑘≤𝑛

 𝑘 ≤ 𝑛 

𝑆௞ = 0 𝑘 > 𝑛 

 

Identities 3.8. (𝐹 form of The Girard-Newton Identities, by Chen Shuwen, 2017-2019) 

Let 𝑛 and 𝑘 be positive integers. Denote 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + ⋯ + 𝑎௡
௞     

and 

𝐹ଵ = −𝑃ଵ 

𝐹௞ = ൫𝑃ଵ
௞ − 𝑃௞൯ 𝑘⁄              𝑘 > 1 

and 

𝑆௞ = ෍
𝐹ଵ

௜భ𝐹ଶ
௜మ𝐹ଷ

௜య … 𝐹௞
௜ೖ

𝑖ଶ! 𝑖ଷ! … 𝑖௞!
଴ஸ௜భஸଵ

଴ஸ௜మ,௜య,…,௜ೖஸ௞
௜భାଶ௜మା⋯ା௞ ೖୀ௞

 

then 

𝑆௞ = (−1)௞ ෍ 𝑎𝑗1
𝑎𝑗2

… 𝑎𝑗𝑘

1≤𝑗1<𝑗2<⋯<𝑗𝑘≤𝑛

 𝑘 ≤ 𝑛 

𝑆௞ = 0 𝑘 > 𝑛 
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Identities 3.9. (𝐷 form of The Girard-Newton Identities, by Chen Shuwen, 2020) 

Let 𝑛 and 𝑘 be positive integers. Denote 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + ⋯ + 𝑎௡
௞    

and 

𝐷ଵ = −𝑃ଵ  

𝐷௞ = ൫𝑃ଵ
௞ − 𝑃௞൯ 𝑘⁄  𝑘 is prime number  

𝐷௞ = ൫𝑃ଵ
௞ − 𝑃௞൯ 𝑘⁄ + ෍(−1)

𝑓𝑗
1

𝑓
𝑗

𝐷
௞/𝑓𝑗 

𝑓𝑗

ℎ

𝑗=1

 
𝑘 is composite number with all its factors 

𝑓ଵ, 𝑓ଶ, … . , 𝑓௛, exclude 1 and itself. 

and 

𝑆௞ = ෍ 𝐷ଵ
௜భ𝐷ଶ

௜మ𝐷ଷ
௜య … 𝐷௞

௜ೖ

଴ஸ௜భ,௜మ,௜య,…,௜ೖஸଵ

௜భାଶ௜మା⋯ା௞௜ೖୀ௞

 

then 

𝑆௞ = (−1)௞ ෍ 𝑎𝑗1
𝑎𝑗2

… 𝑎𝑗𝑘

1≤𝑗1<𝑗2<⋯<𝑗𝑘≤𝑛

 𝑘 ≤ 𝑛 

𝑆௞ = 0 𝑘 > 𝑛 

 

Example 3.4. 

Denote 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞ + 𝑎ସ

௞ + 𝑎ହ
௞ + 𝑎଺

௞       (𝑘 = 1, 2, 3, 4, 5, 6, 7) 

then 

(1) By Identities 3.6, we have 

𝑆଻ = −
𝑃ଵ

଻

5040
+

1

240
𝑃ଵ

ହ𝑃ଶ −
1

48
𝑃ଵ

ଷ𝑃ଶ
ଶ +

1

48
𝑃ଵ𝑃ଶ

ଷ −
1

72
𝑃ଵ

ସ𝑃ଷ +
1

12
𝑃ଵ

ଶ𝑃ଶ𝑃ଷ −
1

24
𝑃ଶ

ଶ𝑃ଷ −
1

18
𝑃ଵ𝑃ଷ

ଶ +
1

24
𝑃ଵ

ଷ𝑃ସ

−
1

8
𝑃ଵ𝑃ଶ𝑃ସ +

𝑃ଷ𝑃ସ

12
−

1

10
𝑃ଵ

ଶ𝑃ହ +
𝑃ଶ𝑃ହ

10
+

𝑃ଵ𝑃଺

6
−

𝑃଻

7
= 0 

(2) By Identities 3.7, we have 

𝑆଻ =
𝑄ଵ

଻

7!
+

𝑄ଵ
ହ

5!
𝑄ଶ +

𝑄ଵ
ଷ

3!

𝑄ଶ
ଶ

2!
+ 𝑄ଵ

𝑄ଶ
ଷ

3!
+

𝑄ଵ
ସ

4!
𝑄ଷ +

𝑄ଵ
ଶ

2!
𝑄ଶ𝑄ଷ +

𝑄ଶ
ଶ

2!
𝑄ଷ + 𝑄ଵ

𝑄ଷ
ଶ

2!
+

𝑄ଵ
ଷ

3!
𝑄ସ + 𝑄ଵ𝑄ଶ𝑄ସ + 𝑄ଷ𝑄ସ +

𝑄ଵ
ଶ

2!
𝑄ହ

+ 𝑄ଶ𝑄ହ + 𝑄ଵ𝑄଺ + 𝑄଻ = 0 

here 𝑄௞ = −𝑃௞ 𝑘⁄     (𝑘 = 1, 2, 3, 4, 5, 6, 7) 

(3) By Identities 3.8, we have 

𝑆଻ =
𝐹ଶ

ଷ

3!
𝐹ଵ +

𝐹ଶ
ଶ

2!
𝐹ଷ +

𝐹ଷ
ଶ

2!
𝐹ଵ + 𝐹ଵ𝐹ଶ𝐹ସ + 𝐹ଷ𝐹ସ + 𝐹ଶ𝐹ହ + 𝐹ଵ𝐹଺ + 𝐹଻ = 0 

here 𝐹ଵ = −𝑃ଵ , 𝐹௞ = ൫𝑃ଵ
௞ − 𝑃௞൯ 𝑘⁄    (𝑘 = 2, 3, 4, 5, 6, 7)  

(4) By Identities 3.9, we have 

𝑆଻ = 𝐷ଵ𝐷ଶ𝐷ସ + 𝐷ଷ𝐷ସ + 𝐷ଶ𝐷ହ + 𝐷ଵ𝐷଺ + 𝐷଻ = 0 

here 𝐷ଵ = −𝑃ଵ  and 

𝐷௞ = ൫𝑃ଵ
௞ − 𝑃௞൯ 𝑘⁄       (𝑘 = 2, 3, 5, 7) 

𝐷ସ = (𝑃ଵ
ସ − 𝑃ସ) 4 +⁄

𝐷ଶ
ଶ

2
                        ( =

3𝑃ଵ
ସ

8
−

1

4
𝑃ଵ

ଶ𝑃ଶ +
𝑃ଶ

ଶ

8
−

𝑃ସ

4
 ) 

𝐷଺ = (𝑃ଵ
଺ − 𝑃଺) 4 −

𝐷ଶ
ଷ

3
+

𝐷ଷ
ଶ

2
ൗ             ( =

13𝑃ଵ
଺

72
+

1

8
𝑃ଵ

ସ𝑃ଶ −
1

8
𝑃ଵ

ଶ𝑃ଶ
ଶ +

𝑃ଶ
ଷ

24
−

1

9
𝑃ଵ

ଷ𝑃ଷ +
𝑃ଷ

ଶ

18
−

𝑃଺

6
 ) 
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Corollary 3.1. (Proof by Identities 3.6 or 3.7 or 3.8 or 3.9) 

1. There is no non-trivial solution for 

𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞ + ⋯ + 𝑎௡

௞ = 𝑏ଵ
௞ + 𝑏ଶ

௞ + 𝑏ଷ
௞ + ⋯ + 𝑏௡

௞       (𝑘 = 1, 2, 3, … , 𝑛) 

2. If 

𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞ + ⋯ + 𝑎௡

௞ = 𝑏ଵ
௞ + 𝑏ଶ

௞ + 𝑏ଷ
௞ + ⋯ + 𝑏௡

௞       (𝑘 = 1, 2, 3, … , 𝑛 − 1, 𝑛 + 1) 

then 

𝑎ଵ + 𝑎ଶ + 𝑎ଷ + ⋯ + 𝑎௡ = 𝑏ଵ + 𝑏ଶ + 𝑏ଷ + ⋯ + 𝑏௡ = 0 

 

Identities 3.10. ( A generalization of the Girard-Newton Identities, by Chen Shuwen, 2017) 

Let 

ቊ 
𝑃௞ = 𝑎ଵ

௞ + 𝑎ଶ
௞ + ⋯ + 𝑎௡

௞ ,      for 𝑘 ≠ 0

𝑃଴ = 𝑎ଵ𝑎ଶ … 𝑎௡

 

and 

⎩
⎪⎪
⎨

⎪⎪
⎧

 

𝑆ଵ = −𝑃ଵ

𝑆௞ = −(𝑃௞ + 𝑆ଵ𝑃௞ିଵ + 𝑆ଶ𝑃௞ିଶ + ⋯ + 𝑆௞ିଵ𝑃ଵ)/𝑘,      for 𝑘 > 1

𝑆଴ = −𝑃଴

𝑆ିଵ = 𝑃଴𝑃 ଵ

𝑆௞ = −(−𝑃଴𝑃௞ + 𝑆ିଵ𝑃௞ାଵ + 𝑆ିଶ𝑃௞ାଶ + ⋯ + 𝑆௞ାଵ𝑃 ଵ)/(−𝑘),      for 𝑘 < −1

 

and 

⎩
⎪
⎨

⎪
⎧

 

𝑇௞ = (−1)௡𝑆௞ି௡ ,                  for 𝑘 ≤ −1 

𝑇଴ = 1 + (−1)௡𝑆ି௡

𝑇௞ = 𝑆௞ + (−1)௡𝑆௞ି௡ ,        for 1 ≤ 𝑘 ≤ 𝑛

𝑇௞ = 𝑆௞  ,                                  for 𝑘 ≥ 𝑛 + 1

 

then 

𝑇௞ = 0 

Remark. Here we generalize The Girard-Newton Identities from the case of 𝑘 > 0 to the case of any 

integer 𝑘. It is useful for solving the system of the below form 

𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞ + ⋯ + 𝑎௡

௞ = 𝑏ଵ
௞ + 𝑏ଶ

௞ + 𝑏ଷ
௞ + ⋯ + 𝑏௡

௞             (𝑘 = 𝑘ଵ, 𝑘ଶ, 𝑘ଷ, … , 𝑘௠ ) 

𝑎ଵ𝑎ଶ … 𝑎௡ = 𝑏ଵ𝑏ଶ … 𝑏௡ 

We will discuss this system in Chapter 5. 

Example (Chen Shuwen, 2019/2/5).  

1

−63
+

1

−45
+

1

8
+

1

16
+

1

84
=

1

−72
+

1

−36
+

1

7
+

1

21
+

1

80
 

(−63) × (−45) × 8 × 16 × 84 = (−72) × (−36) × 7 × 21 × 80 

(−63) + (−45) + 8 + 16 + 84 = (−72) + (−36) + 7 + 21 + 80 

(−63)ଶ + (−45)ଶ + 8ଶ + 16ଶ + 84ଶ = (−72)ଶ + (−36)ଶ + 7ଶ + 21ଶ + 80ଶ 

(−63)ସ + (−45)ସ + 8ସ + 16ସ + 84ସ = (−72)ସ + (−36)ସ + 7ସ + 21ସ + 80ସ 
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Identities 3.11. ( A generalization of the Girard-Newton Identities, by Chen Shuwen, 1997, 2016, 2020) 

Let 𝑛 and 𝑘 and be positive integers. Denote 

𝑃ଶ௞ାଵ = 𝑎ଵ
ଶ௞ାଵ + 𝑎ଶ

ଶ௞ାଵ + ⋯ + 𝑎௡
ଶ௞ାଵ   

and 

𝐺ଵ = −𝑃ଵ 

𝐺ଷ = (𝑃ଵ
ଷ − 𝑃ଷ) 3⁄  

𝐺ହ = (𝑃ଵ
ହ − 𝑃ହ) 5⁄  

𝐺଻ = (𝑃ଵ
଻ − 𝑃଻) 7⁄  

𝐺ଽ = (𝑃ଵ
ଽ − 𝑃ଽ) 9⁄ − (

𝐺ଷ
ଷ

3
) 

𝐺ଵଵ = (𝑃ଵ
ଵଵ − 𝑃ଵଵ) 11⁄ − (𝐺ଷ

ଶ𝐺ହ) 

𝐺ଵଷ = (𝑃ଵ
ଵଷ − 𝑃ଵଷ) 13⁄ − (𝐺ଷ𝐺ହ

ଶ + 𝐺ଷ
ଶ𝐺଻) 

𝐺ଵହ = (𝑃ଵ
ଵହ − 𝑃ଵହ) 15⁄ − (

𝐺ଷ
ହ

5
+

𝐺ହ
ଷ

3
+ 2𝐺ଷ𝐺ହ𝐺଻ + 𝐺ଷ

ଶ𝐺ଽ) 

𝐺ଵ଻ = (𝑃ଵ
ଵ଻ − 𝑃ଵ଻) 17⁄ − (𝐺ଷ

ସ𝐺ହ + 𝐺ହ
ଶ𝐺଻ + 𝐺ଷ𝐺଻

ଶ + 2𝐺ଷ𝐺ହ𝐺ଽ + 𝐺ଷ
ଶ𝐺ଵଵ) 

⋮ 

In general 

𝐺ଶ௞ାଵ = (𝑃ଵ
ଶ௞ାଵ − 𝑃ଶ௞ାଵ) (2𝑘⁄ + 1) − 1/(2𝑘 + 1) ෍(2𝑗 + 1)𝐺ଶ௝ାଵ𝑍ଶ௞ିଶ௝

௞ିଷ

௝ୀଵ

 

where 

𝑍ଶ௞ = ෍
(𝑖ଷ + 𝑖ହ + ⋯ + 𝑖ଶ௞ିଷ)!

𝑖ଷ! 𝑖ହ! … 𝑖ଶ௞ିଷ!
 𝐺ଷ

௜య𝐺ହ
௜ఱ … 𝐺ଶ௞ିଷ

௜మೖషయ

௜య,௜ఱ,…,௜మೖషయஹ଴

ଷ௜యାହ௜ఱା⋯ା(ଶ௞ିଷ)௜మೖషయୀଶ௞

 

Let 

𝑋௡,଴ =

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧

(−1)
௡(௡ାଶ)

଼
ተ

ተ
 

𝐺௡ିଵ 𝐺௡ିଷ 𝐺௡ିହ … 𝐺ହ 𝐺ଷ 𝐺ଵ

𝐺௡ାଵ 𝐺௡ିଵ 𝐺௡ିଷ … 𝐺଻ 𝐺ହ 𝐺ଵ
ଷ + 𝐺ଷ

𝐺௡ାଷ 𝐺௡ାଵ 𝐺௡ିଵ … 𝐺ଽ 𝐺଻ 𝐺ଵ
ହ + 𝐺ଷ𝐺ଵ

ଶ + 𝐺ହ

⋮ ⋮ ⋮  ⋮ ⋮ ⋮
𝐺ଶ௡ିଷ 𝐺ଶ௡ିହ 𝐺ଶ௡ି଻ … 𝐺௡ାଷ 𝐺௡ାଵ 𝐺ଵ

௡ିଵ + 𝐺ଷ𝐺ଵ
௡ିସ + ⋯ + 𝐺௡ିଷ𝐺ଵ

ଶ + 𝐺௡ିଵ

 
ተ

ተ
,   𝑛 is even

 
  

(−1)
௡మିଵ

଼
ተ
ተ
 

𝐺௡ିଶ 𝐺௡ିସ 𝐺௡ି଺ … 𝐺ଷ 0 1

𝐺௡ 𝐺௡ିଶ 𝐺௡ିସ … 𝐺ହ 𝐺ଷ 𝐺ଵ
ଶ

𝐺௡ାଶ 𝐺௡ 𝐺௡ିଶ … 𝐺଻ 𝐺ହ 𝐺ଵ
ସ + 𝐺ଷ𝐺ଵ

⋮ ⋮ ⋮  ⋮ ⋮ ⋮
𝐺ଶ௡ିଷ 𝐺ଶ௡ିହ 𝐺ଶ௡ି଻ … 𝐺௡ାଶ 𝐺௡ 𝐺ଵ

௡ିଵ + 𝐺ଷ𝐺ଵ
௡ିସ + ⋯ + 𝐺௡ିସ𝐺ଵ

ଷ + 𝐺௡ିଶ𝐺ଵ

 
ተ
ተ
,      𝑛 is odd

 

𝑋௡,ଶ

=

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧

(−1)
௡(௡ାଶ)

଼
ାଵ

ተ

ተ
 

𝐺௡ାଵ 𝐺௡ିଷ 𝐺௡ିହ … 𝐺ହ 𝐺ଷ 𝐺ଵ

𝐺௡ାଷ 𝐺௡ିଵ 𝐺௡ିଷ … 𝐺଻ 𝐺ହ 𝐺ଵ
ଷ + 𝐺ଷ

𝐺௡ାହ 𝐺௡ାଵ 𝐺௡ିଵ … 𝐺ଽ 𝐺଻ 𝐺ଵ
ହ + 𝐺ଷ𝐺ଵ

ଶ + 𝐺ହ

⋮ ⋮ ⋮  ⋮ ⋮ ⋮
𝐺ଶ௡ିଵ 𝐺ଶ௡ିହ 𝐺ଶ௡ି଻ … 𝐺௡ାଷ 𝐺௡ାଵ 𝐺ଵ

௡ିଵ + 𝐺ଷ𝐺ଵ
௡ିସ + ⋯ + 𝐺௡ିଷ𝐺ଵ

ଶ + 𝐺௡ିଵ

 
ተ

ተ
,   𝑛 is even

 
  

(−1)
௡మିଵ

଼
ାଵ

ተ
ተ
 

𝐺௡ 𝐺௡ିସ 𝐺௡ି଺ … 𝐺ଷ 0 1

𝐺௡ାଶ 𝐺௡ିଶ 𝐺௡ିସ … 𝐺ହ 𝐺ଷ 𝐺ଵ
ଶ

𝐺௡ାସ 𝐺௡ 𝐺௡ିଶ … 𝐺଻ 𝐺ହ 𝐺ଵ
ସ + 𝐺ଷ𝐺ଵ

⋮ ⋮ ⋮  ⋮ ⋮ ⋮
𝐺ଶ௡ିଵ 𝐺ଶ௡ିହ 𝐺ଶ௡ି଻ … 𝐺௡ାଶ 𝐺௡ 𝐺ଵ

௡ିଵ + 𝐺ଷ𝐺ଵ
௡ିସ + ⋯ + 𝐺௡ିସ𝐺ଵ

ଷ + 𝐺௡ିଶ𝐺ଵ

 
ተ
ተ
,      𝑛 is odd
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𝑋௡,௡ =

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧

(−1)
௡(௡ିଶ)

଼
ተ
ተ 

𝐺௡ାଵ 𝐺௡ିଵ 𝐺௡ିଷ … 𝐺ହ 𝐺ଷ

𝐺௡ାଷ 𝐺௡ାଵ 𝐺௡ିଵ … 𝐺଻ 𝐺ହ

𝐺௡ାହ 𝐺௡ାଷ 𝐺௡ାଵ … 𝐺ଽ 𝐺଻

⋮ ⋮ ⋮  ⋮ ⋮
𝐺ଶ௡ିଵ 𝐺ଶ௡ିଷ 𝐺ଶ௡ିହ … 𝐺௡ାଷ 𝐺௡ାଵ

 ተ
ተ ,   𝑛 is even

 
  

(−1)
(௡ିଶ)మିଵ

଼
ተ
ተ 

𝐺௡ 𝐺௡ିଶ 𝐺௡ିସ … 𝐺ଷ 0
𝐺௡ାଶ 𝐺௡ 𝐺௡ିଶ … 𝐺ହ 𝐺ଷ

𝐺௡ାସ 𝐺௡ାଶ 𝐺௡ … 𝐺଻ 𝐺ହ

⋮ ⋮ ⋮  ⋮ ⋮
𝐺ଶ௡ିଵ 𝐺ଶ௡ିଷ 𝐺ଶ௡ିହ … 𝐺௡ାଶ 𝐺௡

 ተ
ተ,      𝑛 is odd

 

𝑈ଵ,ଷ,ହ,…,ଶ௡ିଷ,ଶ௡ାଵ

=

⎩
⎪
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎧

(−1)
௡(௡ାଶ)

଼
ାଵ

ተ

ተ

 

𝐺𝑛+1 𝐺𝑛−3 𝐺𝑛−5 … 𝐺5 𝐺3 𝐺1

𝐺𝑛+3 𝐺𝑛−1 𝐺𝑛−3 … 𝐺7 𝐺5 𝐺1
3 + 𝐺3

𝐺𝑛+5 𝐺𝑛+1 𝐺𝑛−1 … 𝐺9 𝐺7 𝐺1
5 + 𝐺3𝐺1

2 + 𝐺5

⋮ ⋮ ⋮  ⋮ ⋮ ⋮

𝐺2𝑛−3 𝐺2𝑛−7 𝐺2𝑛−9 … 𝐺𝑛+1 𝐺𝑛−1 𝐺1
𝑛−3 + 𝐺3𝐺1

𝑛−6 + ⋯ + 𝐺𝑛−5𝐺1
2 + 𝐺𝑛−3

𝐺2𝑛+1 𝐺2𝑛−3 𝐺2𝑛−5 … 𝐺𝑛+5 𝐺𝑛+3 𝐺1
𝑛+1 + 𝐺3𝐺1

𝑛−2 + ⋯ + 𝐺𝑛−1𝐺1
2 + 𝐺𝑛+1

 

ተ

ተ

,   𝑛 is even

 
  

(−1)
௡మିଵ

଼
ାଵ

ተ

ተ

 

𝐺𝑛 𝐺𝑛−4 𝐺𝑛−6 … 𝐺3 0 1

𝐺𝑛+2 𝐺𝑛−2 𝐺𝑛−4 … 𝐺5 𝐺3 𝐺1
2

𝐺𝑛+4 𝐺𝑛 𝐺𝑛−2 … 𝐺7 𝐺5 𝐺1
4 + 𝐺3𝐺1

⋮ ⋮ ⋮  ⋮ ⋮ ⋮

𝐺2𝑛−3 𝐺2𝑛−7 𝐺2𝑛−9 … 𝐺𝑛 𝐺𝑛−2 𝐺1
𝑛−3 + 𝐺3𝐺1

𝑛−6 + ⋯ + 𝐺𝑛−6𝐺1
3 + 𝐺𝑛−4𝐺1

𝐺2𝑛+1 𝐺2𝑛−3 𝐺2𝑛−5 … 𝐺𝑛+4 𝐺𝑛+2 𝐺1
𝑛+1 + 𝐺3𝐺1

𝑛−2 + ⋯ + 𝐺𝑛−2𝐺1
3 + 𝐺𝑛𝐺1

 

ተ

ተ

,      𝑛 is odd

 

then 

𝑋௡,଴ = ෑ (𝑎௜ + 𝑎௝)

ଵஸ௜ழ௝ஸ௡

 

𝑋௡,ଶ = ෑ (𝑎௜ + 𝑎௝)

ଵஸ௜ழ௝ஸ௡

෍ 𝑎௜𝑎௝

ଵஸ௜ழ௝ஸ௡

 

𝑋௡,௡ = ෑ (𝑎௜ + 𝑎௝)

ଵஸ௜ழ௝ஸ௡

ෑ (𝑎ଵ + 𝑎ଶ + ⋯ + 𝑎௡ − 𝑎௜)

ଵஸ௜ஸ௡

 

𝑈ଵ,ଷ,ହ,…,ଶ௡ିଷ,ଶ௡ାଵ = ෑ ൫𝑎௜ + 𝑎௝൯

ଵஸ௜ழ௝ஸ௡

෍ 𝑎௜𝑎௝

ଵஸ௜ழ௝ஸ௡

ቌ ෍ 𝑎௜𝑎௝

ଵஸ௜ழ௝ஸ௡

+ ෍ 𝑎௜
ଶ

ଵஸ௜ஸ௡

ቍ 

and then 

𝑋௡,ଶ 𝑋௡,଴ =⁄ ෍ 𝑎௜𝑎௝

ଵஸ௜ழ௝ஸ௡

 

𝑋௡,௡ 𝑋௡,଴ =⁄ ෑ (𝑎ଵ + 𝑎ଶ + ⋯ + 𝑎௡ − 𝑎௜)

ଵஸ௜ஸ௡

 

𝐺ଵ
ସ − 4 𝑈ଵ,ଷ,ହ,…,ଶ௡ିଷ,ଶ௡ାଵ 𝑋௡,଴ =⁄ ൭ ෍ 𝑎௜

ଶ

ଵஸ௜ஸ௡

൱

ଶ

 

Remark. Here we generalize The Girard-Newton Identities from the case of positive integer 𝑘 to the case of all 𝑘 

be positive odd integers. It is useful for solving the system of the below form 

𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞ + ⋯ + 𝑎௡

௞ = 𝑏ଵ
௞ + 𝑏ଶ

௞ + 𝑏ଷ
௞ + ⋯ + 𝑏௡

௞             (𝑘 = 2𝑘ଵ + 1, 2𝑘ଶ + 1, … , 2𝑘௠ + 1 ) 

In the next section, we will generalize it to the case of all 𝑘 be odd integers (both positive and negative). 
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Example 3.5. (Chen Shuwen, 2019, 2020) 

Let 𝑛 and 𝑘 and be positive integers. Denote 

𝑃ଶ௞ାଵ = 𝑎ଵ
ଶ௞ାଵ + 𝑎ଶ

ଶ௞ାଵ + ⋯ + 𝑎௡
ଶ௞ାଵ   

and 

𝐺ଵ = −𝑃ଵ 

𝐺ଷ = (𝑃ଵ
ଷ − 𝑃ଷ) 3⁄  

𝐺ହ = (𝑃ଵ
ହ − 𝑃ହ) 5⁄  

𝐺଻ = (𝑃ଵ
଻ − 𝑃଻) 7⁄  

𝐺ଽ = (𝑃ଵ
ଽ − 𝑃ଽ) 9⁄ − (

𝐺ଷ
ଷ

3
) 

𝐺ଵଵ = (𝑃ଵ
ଵଵ − 𝑃ଵଵ) 11⁄ − (𝐺ଷ

ଶ𝐺ହ) 

𝐺ଵଷ = (𝑃ଵ
ଵଷ − 𝑃ଵଷ) 13⁄ − (𝐺ଷ𝐺ହ

ଶ + 𝐺ଷ
ଶ𝐺଻) 

𝐺ଵହ = (𝑃ଵ
ଵହ − 𝑃ଵହ) 15⁄ − (

𝐺ଷ
ହ

5
+

𝐺ହ
ଷ

3
+ 2𝐺ଷ𝐺ହ𝐺଻ + 𝐺ଷ

ଶ𝐺ଽ) 

𝐺ଵ଻ = (𝑃ଵ
ଵ଻ − 𝑃ଵ଻) 17⁄ − (𝐺ଷ

ସ𝐺ହ + 𝐺ହ
ଶ𝐺଻ + 𝐺ଷ𝐺଻

ଶ + 2𝐺ଷ𝐺ହ𝐺ଽ + 𝐺ଷ
ଶ𝐺ଵଵ) 

𝐺ଵଽ = (𝑃ଵ
ଵଽ − 𝑃ଵଽ) 19⁄ − (2𝐺ଷ

ଷ𝐺ହ
ଶ + 𝐺ଷ

ସ𝐺଻ + 𝐺ହ𝐺଻
ଶ + 𝐺ହ

ଶ𝐺ଽ + 2𝐺ଷ𝐺଻𝐺ଽ + 2𝐺ଷ𝐺ହ𝐺ଵଵ + 𝐺ଷ
ଶ𝐺ଵଷ) 

then 

𝑋ଶ,଴ = −| 𝐺ଵ | = ෑ (𝑎௜ + 𝑎௝)

ଵஸ௜ழ௝ஸଶ

= (𝑎ଵ + 𝑎ଶ) 

𝑋ଷ,଴ = − ฬ 
0 1

𝐺ଷ 𝐺ଵ
ଶ ฬ = ෑ ൫𝑎௜ + 𝑎௝൯

ଵஸ௜ழ ௝ஸଷ

= (𝑎ଵ + 𝑎ଶ)(𝑎ଵ + 𝑎ଷ)(𝑎ଶ + 𝑎ଷ) 

𝑋ସ,଴ = − ฬ 
𝐺ଷ 𝐺ଵ

𝐺ହ 𝐺ଵ
ଷ + 𝐺ଷ

 ฬ = ෑ ൫𝑎௜ + 𝑎௝൯

ଵஸ௜ழ௝ஸସ

= (𝑎ଵ + 𝑎ଶ)(𝑎ଵ + 𝑎ଷ)(𝑎ଶ + 𝑎ଷ)(𝑎ଵ + 𝑎ସ)(𝑎ଶ + 𝑎ସ)(𝑎ଷ + 𝑎ସ) 

𝑋ହ,଴ = − ቮ 

𝐺ଷ 0 1

𝐺ହ 𝐺ଷ 𝐺ଵ
ଶ

𝐺଻ 𝐺ହ 𝐺ଵ
ସ + 𝐺ଷ𝐺ଵ

 ቮ = ෑ ൫𝑎௜ + 𝑎௝൯

ଵஸ௜ழ௝ஸହ

 

𝑋଺,଴ = ቮ 

𝐺ହ 𝐺ଷ 𝐺ଵ

𝐺଻ 𝐺ହ 𝐺ଵ
ଷ + 𝐺ଷ

𝐺ଽ 𝐺଻ 𝐺ଵ
ହ + 𝐺ଷ𝐺ଵ

ଶ + 𝐺ହ

 ቮ = ෑ ൫𝑎௜ + 𝑎௝൯

ଵஸ௜ழ௝ஸ଺

 

𝑋଻,଴ = ተተ 

𝐺ହ 𝐺ଷ 0 1

𝐺଻ 𝐺ହ 𝐺ଷ 𝐺ଵ
ଶ

𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଵ
ସ + 𝐺ଷ𝐺ଵ

𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ଵ
଺ + 𝐺ଷ𝐺ଵ

ଷ + 𝐺ହ𝐺ଵ

 ተተ = ෑ ൫𝑎௜ + 𝑎௝൯

ଵஸ௜ழ௝ஸ଻

 

𝑋଼,଴ = ተተ 

𝐺଻ 𝐺ହ 𝐺ଷ 𝐺ଵ

𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଵ
ଷ + 𝐺ଷ

𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ଵ
ହ + 𝐺ଷ𝐺ଵ

ଶ + 𝐺ହ

𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺ଵ
଻ + 𝐺ଷ𝐺ଵ

ସ + 𝐺ହ𝐺ଵ
ଶ + 𝐺଻

 ተተ = ෑ ൫𝑎௜ + 𝑎௝൯

ଵஸ௜ழ௝ஸ଼

 

𝑋ଽ,଴ =
ተ

ተ
 

𝐺଻ 𝐺ହ 𝐺ଷ 0 1

𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଷ 𝐺ଵ
ଶ

𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଵ
ସ + 𝐺ଷ𝐺ଵ

𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ଵ
଺ + 𝐺ଷ𝐺ଵ

ଷ + 𝐺ହ𝐺ଵ

𝐺ଵହ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺ଵ
଼ + 𝐺ଷ𝐺ଵ

ହ + 𝐺ହ𝐺ଵ
ଷ + 𝐺଻𝐺ଵ

 
ተ

ተ
= ෑ ൫𝑎௜ + 𝑎௝൯

ଵஸ௜ழ௝ஸଽ

 



http://eslpower.org/Notebook.htm 

34 
 

𝑋ଵ଴,଴ = −
ተ

ተ
 

𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଷ 𝐺ଵ

𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଵ
ଷ + 𝐺ଷ

𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ଵ
ହ + 𝐺ଷ𝐺ଵ

ଶ + 𝐺ହ

𝐺ଵହ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺ଵ
଻ + 𝐺ଷ𝐺ଵ

ସ + 𝐺ହ𝐺ଵ
ଶ + 𝐺଻

𝐺ଵ଻ 𝐺ଵହ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଵ
ଽ + 𝐺ଷ𝐺ଵ

଺ + 𝐺ହ𝐺ଵ
ସ + 𝐺଻𝐺ଵ

ଶ + 𝐺ଽ

 
ተ

ተ
= ෑ ൫𝑎௜ + 𝑎௝൯

ଵஸ௜ழ௝ஸଵ଴

 

𝑋ଵଵ,଴ = −

ተ

ተ

 

𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଷ 0 1

𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଷ 𝐺ଵ
ଶ

𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଵ
ସ + 𝐺ଷ𝐺ଵ

𝐺ଵହ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ଵ
଺ + 𝐺ଷ𝐺ଵ

ଷ + 𝐺ହ𝐺ଵ

𝐺ଵ଻ 𝐺ଵହ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺ଵ
଼ + 𝐺ଷ𝐺ଵ

ହ + 𝐺ହ𝐺ଵ
ଷ + 𝐺଻𝐺ଵ

𝐺ଵଽ 𝐺ଵ଻ 𝐺ଵହ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଵ
ଵ଴ + 𝐺ଷ𝐺ଵ

଻ + 𝐺ହ𝐺ଵ
ହ + 𝐺଻𝐺ଵ

ଷ + 𝐺ଽ𝐺ଵ

 

ተ

ተ

= ෑ ൫𝑎௜ + 𝑎௝൯

ଵஸ௜ழ௝ஸଵଵ

 

𝑋ଵଶ,଴ = −

ተ

ተ

 

𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଷ 𝐺ଵ

𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଵ
ଷ + 𝐺ଷ

𝐺ଵହ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ଵ
ହ + 𝐺ଷ𝐺ଵ

ଶ + 𝐺ହ

𝐺ଵ଻ 𝐺ଵହ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺ଵ
଻ + 𝐺ଷ𝐺ଵ

ସ + 𝐺ହ𝐺ଵ
ଶ + 𝐺଻

𝐺ଵଽ 𝐺ଵ଻ 𝐺ଵହ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଵ
ଽ + 𝐺ଷ𝐺ଵ

଺ + 𝐺ହ𝐺ଵ
ସ + 𝐺଻𝐺ଵ

ଶ + 𝐺ଽ

𝐺ଶଵ 𝐺ଵଽ 𝐺ଵ଻ 𝐺ଵହ 𝐺ଵଷ 𝐺ଵ
ଵଵ + 𝐺ଷ𝐺ଵ

଼ + 𝐺ହ𝐺ଵ
଺ + 𝐺଻𝐺ଵ

ସ + 𝐺ଽ𝐺ଵ
ଶ + 𝐺ଵଵ

 

ተ

ተ

= ෑ ൫𝑎௜ + 𝑎௝൯

ଵஸ௜ழ௝ஸଵଶ

 

𝑋ଵଷ,଴ = −

ተ

ተ

ተ

 

𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଷ 0 1

𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଷ 𝐺ଵ
ଶ

𝐺ଵହ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଵ
ସ + 𝐺ଷ𝐺ଵ

𝐺ଵ଻ 𝐺ଵହ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ଵ
଺ + 𝐺ଷ𝐺ଵ

ଷ + 𝐺ହ𝐺ଵ

𝐺ଵଽ 𝐺ଵ଻ 𝐺ଵହ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺ଵ
଼ + 𝐺ଷ𝐺ଵ

ହ + 𝐺ହ𝐺ଵ
ଷ + 𝐺଻𝐺ଵ

𝐺ଶଵ 𝐺ଵଽ 𝐺ଵ଻ 𝐺ଵହ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଵ
ଵ଴ + 𝐺ଷ𝐺ଵ

଻ + 𝐺ହ𝐺ଵ
ହ + 𝐺଻𝐺ଵ

ଷ + 𝐺ଽ𝐺ଵ

𝐺ଶଷ 𝐺ଶଵ 𝐺ଵଽ 𝐺ଵ଻ 𝐺ଵହ 𝐺ଵଷ 𝐺ଵ
ଵଶ + 𝐺ଷ𝐺ଵ

ଽ + 𝐺ହ𝐺ଵ
଻ + 𝐺଻𝐺ଵ

ହ + 𝐺ଽ𝐺ଵ
ଷ + 𝐺ଵଵ𝐺ଵ

 

ተ

ተ

ተ

= ෑ ൫𝑎௜ + 𝑎௝൯

ଵஸ௜ழ௝ஸଵଷ

 

𝑋ଵସ,଴ =

ተ

ተ

ተ

 

𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଷ 𝐺ଵ

𝐺ଵହ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଵ
ଷ + 𝐺ଷ

𝐺ଵ଻ 𝐺ଵହ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ଵ
ହ + 𝐺ଷ𝐺ଵ

ଶ + 𝐺ହ

𝐺ଵଽ 𝐺ଵ଻ 𝐺ଵହ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺ଵ
଻ + 𝐺ଷ𝐺ଵ

ସ + 𝐺ହ𝐺ଵ
ଶ + 𝐺଻

𝐺ଶଵ 𝐺ଵଽ 𝐺ଵ଻ 𝐺ଵହ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଵ
ଽ + 𝐺ଷ𝐺ଵ

଺ + 𝐺ହ𝐺ଵ
ସ + 𝐺଻𝐺ଵ

ଶ + 𝐺ଽ

𝐺ଶଷ 𝐺ଶଵ 𝐺ଵଽ 𝐺ଵ଻ 𝐺ଵହ 𝐺ଵଷ 𝐺ଵ
ଵଵ + 𝐺ଷ𝐺ଵ

଼ + 𝐺ହ𝐺ଵ
଺ + 𝐺଻𝐺ଵ

ସ + 𝐺ଽ𝐺ଵ
ଶ + 𝐺ଵଵ

𝐺ଶହ 𝐺ଶଷ 𝐺ଶଵ 𝐺ଵଽ 𝐺ଵ଻ 𝐺ଵହ 𝐺ଵ
ଵଷ + 𝐺ଷ𝐺ଵ

ଵ଴ + 𝐺ହ𝐺ଵ
଼ + 𝐺଻𝐺ଵ

଺ + 𝐺ଽ𝐺ଵ
ସ + 𝐺ଵଵ𝐺ଵ

ଶ + 𝐺ଵଷ

 

ተ

ተ

ተ

= ෑ ൫𝑎௜ + 𝑎௝൯

ଵஸ௜ழ௝ஸଵସ

 

𝑋ଵହ,଴ =

ተ

ተ

ተ

 

𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଷ 0 1

𝐺ଵହ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଷ 𝐺ଵ
ଶ

𝐺ଵ଻ 𝐺ଵହ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଵ
ସ + 𝐺ଷ𝐺ଵ

𝐺ଵଽ 𝐺ଵ଻ 𝐺ଵହ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ଵ
଺ + 𝐺ଷ𝐺ଵ

ଷ + 𝐺ହ𝐺ଵ

𝐺ଶଵ 𝐺ଵଽ 𝐺ଵ଻ 𝐺ଵହ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺ଵ
଼ + 𝐺ଷ𝐺ଵ

ହ + 𝐺ହ𝐺ଵ
ଷ + 𝐺଻𝐺ଵ

𝐺ଶଷ 𝐺ଶଵ 𝐺ଵଽ 𝐺ଵ଻ 𝐺ଵହ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଵ
ଵ଴ + 𝐺ଷ𝐺ଵ

଻ + 𝐺ହ𝐺ଵ
ହ + 𝐺଻𝐺ଵ

ଷ + 𝐺ଽ𝐺ଵ

𝐺ଶହ 𝐺ଶଷ 𝐺ଶଵ 𝐺ଵଽ 𝐺ଵ଻ 𝐺ଵହ 𝐺ଵଷ 𝐺ଵ
ଵଶ + 𝐺ଷ𝐺ଵ

ଽ + 𝐺ହ𝐺ଵ
଻ + 𝐺଻𝐺ଵ

ହ + 𝐺ଽ𝐺ଵ
ଷ + 𝐺ଵଵ𝐺ଵ

𝐺ଶ଻ 𝐺ଶହ 𝐺ଶଷ 𝐺ଶଵ 𝐺ଵଽ 𝐺ଵ଻ 𝐺ଵହ 𝐺ଵ
ଵସ + 𝐺ଷ𝐺ଵ

ଵଵ + 𝐺ହ𝐺ଵ
ଽ + 𝐺଻𝐺ଵ

଻ + 𝐺ଽ𝐺ଵ
ହ + 𝐺ଵଵ𝐺ଵ

ଷ + 𝐺ଵଷ𝐺ଵ

 

ተ

ተ

ተ

= ෑ ൫𝑎௜ + 𝑎௝൯

ଵஸ௜ழ௝ஸଵହ

 

 

Example 3.6. (Chen Shuwen, 2020) 
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Let 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞        ( 𝑘 = 1, 3 ) 

and 

𝐺ଵ = −𝑃ଵ 

𝐺ଷ = (𝑃ଵ
ଷ − 𝑃ଷ) 3⁄  

then 

𝐺ଵ
ଶ + 2

| 𝐺ଷ |

| 𝐺ଵ |
= 𝑎ଵ

ଶ + 𝑎ଶ
ଶ 

Let 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞        ( 𝑘 = 1, 5 ) 

and 

𝐺ଵ = −𝑃ଵ 

𝐺ହ = (𝑃ଵ
ହ − 𝑃ହ) 5⁄  

then 

𝐺ଵ
ସ + 4

| 𝐺ହ |

| 𝐺ଵ |
= (𝑎ଵ

ଶ + 𝑎ଶ
ଶ)ଶ 

Let 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞       ( 𝑘 = 1, 3, 5 ) 

and 

𝐺ଵ = −𝑃ଵ 

𝐺ଷ = (𝑃ଵ
ଷ − 𝑃ଷ) 3⁄  

𝐺ହ = (𝑃ଵ
ହ − 𝑃ହ) 5⁄  

then 

𝐺ଵ
ଶ + 2

ฬ 
𝐺ଷ 1

𝐺ହ 𝐺ଵ
ଶ ฬ

ฬ 
0 1

𝐺ଷ 𝐺ଵ
ଶ ฬ

= 𝑎ଵ
ଶ + 𝑎ଶ

ଶ + 𝑎ଷ
ଶ 

Let 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞       ( 𝑘 = 1, 3, 7 ) 

and 

𝐺ଵ = −𝑃ଵ 

𝐺ଷ = (𝑃ଵ
ଷ − 𝑃ଷ) 3⁄  

𝐺଻ = (𝑃ଵ
଻ − 𝑃଻) 7⁄  

then 

𝐺ଵ
ସ + 4

ฬ 
𝐺ଷ 1

𝐺଻ 𝐺ଵ
ସ + 𝐺ଵ𝐺ଷ

 ฬ

ฬ 
0 1

𝐺ଷ 𝐺ଵ
ଶ ฬ

= (𝑎ଵ
ଶ + 𝑎ଶ

ଶ + 𝑎ଷ
ଶ)ଶ 

Let 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞ + 𝑎ସ

௞        ( 𝑘 = 1, 3, 5, 7 ) 

and 

𝐺ଵ = −𝑃ଵ 

𝐺ଷ = (𝑃ଵ
ଷ − 𝑃ଷ) 3⁄  

𝐺ହ = (𝑃ଵ
ହ − 𝑃ହ) 5⁄  

𝐺଻ = (𝑃ଵ
଻ − 𝑃଻) 7⁄  

then 

𝐺ଵ
ଶ + 2

ฬ 
𝐺ହ 𝐺ଵ

𝐺଻ 𝐺ଵ
ଷ + 𝐺ଷ

 ฬ

ฬ 
𝐺ଷ 𝐺ଵ

𝐺ହ 𝐺ଵ
ଷ + 𝐺ଷ

 ฬ

= 𝑎ଵ
ଶ + 𝑎ଶ

ଶ + 𝑎ଷ
ଶ + 𝑎ସ

ଶ 

Let 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞ + 𝑎ସ

௞        ( 𝑘 = 1, 3, 5, 9 ) 

and 

𝐺ଵ = −𝑃ଵ 

𝐺ଷ = (𝑃ଵ
ଷ − 𝑃ଷ) 3⁄  

𝐺ହ = (𝑃ଵ
ହ − 𝑃ହ) 5⁄  

𝐺ଽ = (𝑃ଵ
ଽ − 𝑃ଽ) 9⁄ − (𝐺ଷ

ଷ/3) 

then 

𝐺ଵ
ସ + 4

ฬ 
𝐺ହ 𝐺ଵ

𝐺ଽ 𝐺ଵ
ହ + 𝐺ଵ

ଶ𝐺ଷ + 𝐺ହ
 ฬ

ฬ 
𝐺ଷ 𝐺ଵ

𝐺ହ 𝐺ଵ
ଷ + 𝐺ଷ

 ฬ

= (𝑎ଵ
ଶ + 𝑎ଶ

ଶ + 𝑎ଷ
ଶ + 𝑎ସ

ଶ)ଶ 

Let 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞ + 𝑎ସ

௞ + 𝑎ହ
௞        ( 𝑘 = 1, 3, 5, 7, 9 ) 

and 

𝐺ଵ = −𝑃ଵ 

𝐺ଷ = (𝑃ଵ
ଷ − 𝑃ଷ) 3⁄  

𝐺ହ = (𝑃ଵ
ହ − 𝑃ହ) 5⁄  

𝐺଻ = (𝑃ଵ
଻ − 𝑃଻) 7⁄  

𝐺ଽ = (𝑃ଵ
ଽ − 𝑃ଽ) 9⁄ − (𝐺ଷ

ଷ/3) 

then 

𝐺ଵ
ଶ + 2

ቮ 

𝐺ହ 0 1

𝐺଻ 𝐺ଷ 𝐺ଵ
ଶ

𝐺ଽ 𝐺ହ 𝐺ଵ
ସ + 𝐺ଷ𝐺ଵ

 ቮ

ቮ 

𝐺ଷ 0 1

𝐺ହ 𝐺ଷ 𝐺ଵ
ଶ

𝐺଻ 𝐺ହ 𝐺ଵ
ସ + 𝐺ଷ𝐺ଵ

 ቮ

= 𝑎ଵ
ଶ + 𝑎ଶ

ଶ + 𝑎ଷ
ଶ + 𝑎ସ

ଶ + 𝑎ହ
ଶ 

Let 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞ + 𝑎ସ

௞ + 𝑎ହ
௞        ( 𝑘 = 1, 3, 5, 7, 11 ) 

and 

𝐺ଵ = −𝑃ଵ 

𝐺ଷ = (𝑃ଵ
ଷ − 𝑃ଷ) 3⁄  

𝐺ହ = (𝑃ଵ
ହ − 𝑃ହ) 5⁄  

𝐺଻ = (𝑃ଵ
଻ − 𝑃଻) 7⁄  

𝐺ଵଵ = (𝑃ଵ
ଵଵ − 𝑃ଵଵ) 11⁄ − (𝐺ଷ

ଶ𝐺ହ) 

then 

𝐺ଵ
ସ + 4

ቮ 

𝐺ହ 0 1

𝐺଻ 𝐺ଷ 𝐺ଵ
ଶ

𝐺ଵଵ 𝐺଻ 𝐺ଵ
଺ + 𝐺ଷ𝐺ଵ

ଷ + 𝐺ହ𝐺ଵ

 ቮ

ቮ 

𝐺ଷ 0 1

𝐺ହ 𝐺ଷ 𝐺ଵ
ଶ

𝐺଻ 𝐺ହ 𝐺ଵ
ସ + 𝐺ଷ𝐺ଵ

 ቮ

= (𝑎ଵ
ଶ + 𝑎ଶ

ଶ + 𝑎ଷ
ଶ + 𝑎ସ

ଶ + 𝑎ହ
ଶ)ଶ 



http://eslpower.org/Notebook.htm 

36 
 

Corollary 3.2 (Chen Shuwen, 2020) 

If 

෍ 𝑎௜
௞

௡

௜ୀଵ

= ෍ 𝑏௜
௞

௡

௜ୀଵ

      ( 𝑘 = 1, 3, 5, … , 2𝑛 − 1 ) 

then 

ෑ (𝑎௜ + 𝑎௝)

ଵஸ௜ழ௝ஸ௡

= ෑ (𝑏௜ + 𝑏௝)

ଵஸ௜ழ௝ஸ௡

 

 

Example 3.7.1 (Chen Shuwen, 1999, 2020) 

Let 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞ + 𝑎ସ

௞ + 𝑎ହ
௞ + 𝑎଺

௞        ( 𝑘 = 1, 3, 5, 7, 9, 11 ) 

and 

𝐺ଵ = −𝑃ଵ 

𝐺ଷ = (𝑃ଵ
ଷ − 𝑃ଷ) 3⁄  

𝐺ହ = (𝑃ଵ
ହ − 𝑃ହ) 5⁄  

𝐺଻ = (𝑃ଵ
଻ − 𝑃଻) 7⁄  

𝐺ଽ = (𝑃ଵ
ଽ − 𝑃ଽ) 9⁄ − (𝐺ଷ

ଷ/3) 

𝐺ଵଵ = (𝑃ଵ
ଵଵ − 𝑃ଵଵ) 11⁄ − (𝐺ଷ

ଶ𝐺ହ) 

then 

𝐺ଵ
ଶ + 2

ቮ 

𝐺଻ 𝐺ଷ 𝐺ଵ

𝐺ଽ 𝐺ହ 𝐺ଵ
ଷ + 𝐺ଷ

𝐺ଵଵ 𝐺଻ 𝐺ଵ
ହ + 𝐺ଷ𝐺ଵ

ଶ + 𝐺ହ

 ቮ

ቮ 

𝐺ହ 𝐺ଷ 𝐺ଵ

𝐺଻ 𝐺ହ 𝐺ଵ
ଷ + 𝐺ଷ

𝐺ଽ 𝐺଻ 𝐺ଵ
ହ + 𝐺ଷ𝐺ଵ

ଶ + 𝐺ହ

 ቮ

= 𝑎ଵ
ଶ + 𝑎ଶ

ଶ + 𝑎ଷ
ଶ + 𝑎ସ

ଶ + 𝑎ହ
ଶ + 𝑎଺

ଶ 

 

Example 3.7.2 (Chen Shuwen, 2020) 

Let 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞ + 𝑎ସ

௞ + 𝑎ହ
௞ + 𝑎଺

௞        ( 𝑘 = 1, 3, 5, 7, 9, 13 ) 

and 

𝐺ଵ = −𝑃ଵ 

𝐺ଷ = (𝑃ଵ
ଷ − 𝑃ଷ) 3⁄  

𝐺ହ = (𝑃ଵ
ହ − 𝑃ହ) 5⁄  

𝐺଻ = (𝑃ଵ
଻ − 𝑃଻) 7⁄  

𝐺ଽ = (𝑃ଵ
ଽ − 𝑃ଽ) 9⁄ − (𝐺ଷ

ଷ/3) 

𝐺ଵଷ = (𝑃ଵ
ଵଷ − 𝑃ଵଷ) 13⁄ − (𝐺ଷ𝐺ହ

ଶ + 𝐺ଷ
ଶ𝐺଻) 

then 

𝐺ଵ
ସ + 4

ቮ 

𝐺଻ 𝐺ଷ 𝐺ଵ

𝐺ଽ 𝐺ହ 𝐺ଵ
ଷ + 𝐺ଷ

𝐺ଵଷ 𝐺ଽ 𝐺ଵ
଻ + 𝐺ଷ𝐺ଵ

ସ + 𝐺ହ𝐺ଵ
ଶ + 𝐺଻

 ቮ

ቮ 

𝐺ହ 𝐺ଷ 𝐺ଵ

𝐺଻ 𝐺ହ 𝐺ଵ
ଷ + 𝐺ଷ

𝐺ଽ 𝐺଻ 𝐺ଵ
ହ + 𝐺ଷ𝐺ଵ

ଶ + 𝐺ହ

 ቮ

= (𝑎ଵ
ଶ + 𝑎ଶ

ଶ + 𝑎ଷ
ଶ + 𝑎ସ

ଶ + 𝑎ହ
ଶ + 𝑎଺

ଶ)ଶ 
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Example 3.7.3 (Chen Shuwen, 2020) 

Let 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞ + 𝑎ସ

௞ + 𝑎ହ
௞ + 𝑎଺

௞        ( 𝑘 =  −1, 1, 3, 5, 7, 9 ) 

and 

𝐺ିଵ = 𝑃 ଵ 

𝐺ଵ = −𝑃ଵ 

𝐺ଷ = (𝑃ଵ
ଷ − 𝑃ଷ) 3⁄  

𝐺ହ = (𝑃ଵ
ହ − 𝑃ହ) 5⁄  

𝐺଻ = (𝑃ଵ
଻ − 𝑃଻) 7⁄  

𝐺ଽ = (𝑃ଵ
ଽ − 𝑃ଽ) 9⁄ − (𝐺ଷ

ଷ/3) 

then 

𝐺ଵ
ଶ + 2

ቮ 

𝐺ହ(1 + 𝐺ିଵ𝐺ଵ) 𝐺ଵ 𝐺ିଵ

𝐺଻ 𝐺ଷ 𝐺ଵ

𝐺ଽ 𝐺ହ 𝐺ଵ
ଷ + 𝐺ଷ

 ቮ

ቮ 

𝐺ଷ(1 + 𝐺ିଵ𝐺ଵ) 𝐺ଵ 𝐺ିଵ

𝐺ହ 𝐺ଷ 𝐺ଵ

𝐺଻ 𝐺ହ 𝐺ଵ
ଷ + 𝐺ଷ

 ቮ

= 𝑎ଵ
ଶ + 𝑎ଶ

ଶ + 𝑎ଷ
ଶ + 𝑎ସ

ଶ + 𝑎ହ
ଶ + 𝑎଺

ଶ 

 

Example 3.7.4 (Chen Shuwen, 2020) 

Let 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞ + 𝑎ସ

௞ + 𝑎ହ
௞ + 𝑎଺

௞        ( 𝑘 =  −1, 1, 3, 5, 7, 11 ) 

and 

𝐺ିଵ = 𝑃 ଵ 

𝐺ଵ = −𝑃ଵ 

𝐺ଷ = (𝑃ଵ
ଷ − 𝑃ଷ) 3⁄  

𝐺ହ = (𝑃ଵ
ହ − 𝑃ହ) 5⁄  

𝐺଻ = (𝑃ଵ
଻ − 𝑃଻) 7⁄  

𝐺ଵଵ = (𝑃ଵ
ଵଵ − 𝑃ଵଵ) 11⁄ − (𝐺ଷ

ଶ𝐺ହ) 

then 

𝐺ଵ
ସ + 4

ቮ 

𝐺ହ(1 + 𝐺ିଵ𝐺ଵ) 𝐺ଵ 𝐺ିଵ

𝐺଻ 𝐺ଷ 𝐺ଵ

𝐺ଵଵ 𝐺଻ 𝐺ଵ
ହ + 𝐺ଷ𝐺ଵ

ଶ + 𝐺ହ

 ቮ

ቮ 

𝐺ଷ(1 + 𝐺ିଵ𝐺ଵ) 𝐺ଵ 𝐺ିଵ

𝐺ହ 𝐺ଷ 𝐺ଵ

𝐺଻ 𝐺ହ 𝐺ଵ
ଷ + 𝐺ଷ

 ቮ

= (𝑎ଵ
ଶ + 𝑎ଶ

ଶ + 𝑎ଷ
ଶ + 𝑎ସ

ଶ + 𝑎ହ
ଶ + 𝑎଺

ଶ)ଶ 

 

Example 3.7.5 (Chen Shuwen, 2020) 

Let 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞ + 𝑎ସ

௞ + 𝑎ହ
௞ + 𝑎଺

௞        ( 𝑘 =  −3, −1, 1, 3, 5, 7 ) 

and 

𝐺ିଵ = 𝑃 ଵ 

𝐺ିଷ = −(𝑃 ଵ
ଷ − 𝑃 ଷ) 3⁄  

𝐺ଵ = −𝑃ଵ 

𝐺ଷ = (𝑃ଵ
ଷ − 𝑃ଷ) 3⁄  
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𝐺ହ = (𝑃ଵ
ହ − 𝑃ହ) 5⁄  

𝐺଻ = (𝑃ଵ
଻ − 𝑃଻) 7⁄  

then 

𝐺ଵ
ଶ + 2

ቮ 

𝐺ଷ(1 + 𝐺ିଵ𝐺ଵ) 𝐺ିଵ 𝐺ିଷ

𝐺ହ 𝐺ଵ 𝐺ିଵ

𝐺଻ − 𝐺ଵ
ଶ𝐺ହ 𝐺ଷ 𝐺ଵ

 ቮ

ቮ 

𝐺ଵ 𝐺ିଵ 𝐺ିଷ

𝐺ଷ 𝐺ଵ 𝐺ିଵ

𝐺ହ − 𝐺ଵ
ଶ𝐺ଷ 𝐺ଷ 𝐺ଵ

 ቮ

= 𝑎ଵ
ଶ + 𝑎ଶ

ଶ + 𝑎ଷ
ଶ + 𝑎ସ

ଶ + 𝑎ହ
ଶ + 𝑎଺

ଶ 

 

Example 3.7.6 (Chen Shuwen, 2020) 

Let 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞ + 𝑎ସ

௞ + 𝑎ହ
௞ + 𝑎଺

௞        ( 𝑘 =  −3, −1, 1, 3, 5, 9 ) 

and 

𝐺ିଵ = 𝑃 ଵ 

𝐺ିଷ = −(𝑃 ଵ
ଷ − 𝑃 ଷ) 3⁄  

𝐺ଵ = −𝑃ଵ 

𝐺ଷ = (𝑃ଵ
ଷ − 𝑃ଷ) 3⁄  

𝐺ହ = (𝑃ଵ
ହ − 𝑃ହ) 5⁄  

𝐺ଽ = (𝑃ଵ
ଽ − 𝑃ଽ) 9⁄ − (𝐺ଷ

ଷ/3) 

then 

𝐺ଵ
ସ + 4

ቮ 

𝐺ଷ(1 + 𝐺ିଵ𝐺ଵ) 𝐺ିଵ 𝐺ିଷ

𝐺ହ 𝐺ଵ 𝐺ିଵ

𝐺ଽ − 𝐺ଵ
ସ𝐺ହ − 𝐺ଵ𝐺ଷ𝐺ହ 𝐺ହ 𝐺ଵ

ଷ + 𝐺ଷ

 ቮ

ቮ 

𝐺ଵ 𝐺ିଵ 𝐺ିଷ

𝐺ଷ 𝐺ଵ 𝐺ିଵ

𝐺ହ − 𝐺ଵ
ଶ𝐺ଷ 𝐺ଷ 𝐺ଵ

 ቮ

= (𝑎ଵ
ଶ + 𝑎ଶ

ଶ + 𝑎ଷ
ଶ + 𝑎ସ

ଶ + 𝑎ହ
ଶ + 𝑎଺

ଶ)ଶ 

 

Example 3.7.7 (Chen Shuwen, 2020) 

Let 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞ + 𝑎ସ

௞ + 𝑎ହ
௞ + 𝑎଺

௞        ( 𝑘 =  −5, −3, −1, 1, 3, 5 ) 

and 

𝐺ିଵ = 𝑃 ଵ 

𝐺ିଷ = −(𝑃 ଵ
ଷ − 𝑃 ଷ) 3⁄  

𝐺ିହ = −(𝑃 ଵ
ହ − 𝑃 ହ) 5⁄  

𝐺ଵ = −𝑃ଵ 

𝐺ଷ = (𝑃ଵ
ଷ − 𝑃ଷ) 3⁄  

𝐺ହ = (𝑃ଵ
ହ − 𝑃ହ) 5⁄  

then 

𝐺ଵ
ଶ + 2

ቮ 

𝐺ଵ 𝐺ିଷ 𝐺ିହ − 𝐺ିଵ
ଶ 𝐺ିଷ

𝐺ଷ 𝐺ିଵ 𝐺ିଷ

𝐺ହ − 𝐺ଵ
ଶ𝐺ଷ 𝐺ଵ 𝐺ିଵ

 ቮ

ቮ 
𝐺ିଵ 𝐺ିଷ 𝐺ିହ − 𝐺ିଵ

ଶ 𝐺ିଷ

𝐺ଵ 𝐺ିଵ 𝐺ିଷ

𝐺ଷ 𝐺ଵ 𝐺ିଵ

 ቮ

= 𝑎ଵ
ଶ + 𝑎ଶ

ଶ + 𝑎ଷ
ଶ + 𝑎ସ

ଶ + 𝑎ହ
ଶ + 𝑎଺

ଶ 



Chen Shuwen’s Notebooks (Part I, 1st Edition) 

39 
 

Example 3.7.8 (Chen Shuwen, 2020) 

Let 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞ + 𝑎ସ

௞ + 𝑎ହ
௞ + 𝑎଺

௞        ( 𝑘 =  −5, −3, −1, 1, 3, 7 ) 

and 

𝐺ିଵ = 𝑃 ଵ 

𝐺ିଷ = −(𝑃 ଵ
ଷ − 𝑃 ଷ) 3⁄  

𝐺ିହ = −(𝑃 ଵ
ହ − 𝑃 ହ) 5⁄  

𝐺ଵ = −𝑃ଵ 

𝐺ଷ = (𝑃ଵ
ଷ − 𝑃ଷ) 3⁄  

𝐺଻ = (𝑃ଵ
଻ − 𝑃଻) 7⁄  

then 

𝐺ଵ
ସ + 4

ቮ 

𝐺ଵ 𝐺ିଷ 𝐺ିହ − 𝐺ିଵ
ଶ 𝐺ିଷ

𝐺ଷ 𝐺ିଵ 𝐺ିଷ

𝐺଻ − 𝐺ଵ
ସ𝐺ଷ − 𝐺ଵ𝐺ଷ

ଶ 𝐺ଵ
ଷ + 𝐺ଷ 𝐺ଵ(1 + 𝐺ିଵ𝐺ଵ)

 ቮ

ቮ 
𝐺ିଵ 𝐺ିଷ 𝐺ିହ − 𝐺ିଵ

ଶ 𝐺ିଷ

𝐺ଵ 𝐺ିଵ 𝐺ିଷ

𝐺ଷ 𝐺ଵ 𝐺ିଵ

 ቮ

= (𝑎ଵ
ଶ + 𝑎ଶ

ଶ + 𝑎ଷ
ଶ + 𝑎ସ

ଶ + 𝑎ହ
ଶ + 𝑎଺

ଶ)ଶ 

 

Example 3.8.1 (Chen Shuwen, 2020) 

Let 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞ + 𝑎ସ

௞ + 𝑎ହ
௞ + 𝑎଺

௞ + 𝑎଻
௞         ( 𝑘 = 1, 3, 5, 7, 9, 11, 13 ) 

and 

𝐺ଵ = −𝑃ଵ 

𝐺ଷ = (𝑃ଵ
ଷ − 𝑃ଷ) 3⁄  

𝐺ହ = (𝑃ଵ
ହ − 𝑃ହ) 5⁄  

𝐺଻ = (𝑃ଵ
଻ − 𝑃଻) 7⁄  

𝐺ଽ = (𝑃ଵ
ଽ − 𝑃ଽ) 9⁄ − (𝐺ଷ

ଷ/3) 

𝐺ଵଵ = (𝑃ଵ
ଵଵ − 𝑃ଵଵ) 11⁄ − (𝐺ଷ

ଶ𝐺ହ) 

𝐺ଵଷ = (𝑃ଵ
ଵଷ − 𝑃ଵଷ) 13⁄ − (𝐺ଷ𝐺ହ

ଶ + 𝐺ଷ
ଶ𝐺଻) 

then 

𝐺ଵ
ଶ + 2

ተተ 

𝐺଻ 𝐺ଷ 0 1

𝐺ଽ 𝐺ହ 𝐺ଷ 𝐺ଵ
ଶ

𝐺ଵଵ 𝐺଻ 𝐺ହ 𝐺ଵ
ସ + 𝐺ଷ𝐺ଵ

𝐺ଵଷ 𝐺ଽ 𝐺଻ 𝐺ଵ
଺ + 𝐺ଷ𝐺ଵ

ଷ + 𝐺ହ𝐺ଵ

 ተተ

ተተ 

𝐺ହ 𝐺ଷ 0 1

𝐺଻ 𝐺ହ 𝐺ଷ 𝐺ଵ
ଶ

𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଵ
ସ + 𝐺ଷ𝐺ଵ

𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ଵ
଺ + 𝐺ଷ𝐺ଵ

ଷ + 𝐺ହ𝐺ଵ

 ተተ

= 𝑎ଵ
ଶ + 𝑎ଶ

ଶ + 𝑎ଷ
ଶ + 𝑎ସ

ଶ + 𝑎ହ
ଶ + 𝑎଺

ଶ + 𝑎଻
ଶ 

 

Example 3.8.2 (Chen Shuwen, 2020) 

Let 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞ + 𝑎ସ

௞ + 𝑎ହ
௞ + 𝑎଺

௞ + 𝑎଻
௞ + 𝑎଼

௞        ( 𝑘 = 1, 3, 5, 7, 9, 11, 13, 15 ) 

and 

𝐺ଵ = −𝑃ଵ 

𝐺ଷ = (𝑃ଵ
ଷ − 𝑃ଷ) 3⁄  
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𝐺ହ = (𝑃ଵ
ହ − 𝑃ହ) 5⁄  

𝐺଻ = (𝑃ଵ
଻ − 𝑃଻) 7⁄  

𝐺ଽ = (𝑃ଵ
ଽ − 𝑃ଽ) 9⁄ − (𝐺ଷ

ଷ/3) 

𝐺ଵଵ = (𝑃ଵ
ଵଵ − 𝑃ଵଵ) 11⁄ − (𝐺ଷ

ଶ𝐺ହ) 

𝐺ଵଷ = (𝑃ଵ
ଵଷ − 𝑃ଵଷ) 13⁄ − (𝐺ଷ𝐺ହ

ଶ + 𝐺ଷ
ଶ𝐺଻) 

𝐺ଵହ = (𝑃ଵ
ଵହ − 𝑃ଵହ) 15⁄ − (𝐺ଷ

ହ/5 + 𝐺ହ
ଷ/3 + 2𝐺ଷ𝐺ହ𝐺଻ + 𝐺ଷ

ଶ𝐺ଽ) 

then 

𝐺ଵ
ଶ + 2

ተተ 

𝐺ଽ 𝐺ହ 𝐺ଷ 𝐺ଵ

𝐺ଵଵ 𝐺଻ 𝐺ହ 𝐺ଵ
ଷ + 𝐺ଷ

𝐺ଵଷ 𝐺ଽ 𝐺଻ 𝐺ଵ
ହ + 𝐺ଷ𝐺ଵ

ଶ + 𝐺ହ

𝐺ଵହ 𝐺ଵଵ 𝐺ଽ 𝐺ଵ
଻ + 𝐺ଷ𝐺ଵ

ସ + 𝐺ହ𝐺ଵ
ଶ + 𝐺଻

 ተተ

ተተ 

𝐺଻ 𝐺ହ 𝐺ଷ 𝐺ଵ

𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଵ
ଷ + 𝐺ଷ

𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ଵ
ହ + 𝐺ଷ𝐺ଵ

ଶ + 𝐺ହ

𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺ଵ
଻ + 𝐺ଷ𝐺ଵ

ସ + 𝐺ହ𝐺ଵ
ଶ + 𝐺଻

 ተተ

= 𝑎ଵ
ଶ + 𝑎ଶ

ଶ + 𝑎ଷ
ଶ + 𝑎ସ

ଶ + 𝑎ହ
ଶ + 𝑎଺

ଶ + 𝑎଻
ଶ + 𝑎଼

ଶ 

 

Example 3.8.3 (Chen Shuwen, 2020) 

Let 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞ + 𝑎ସ

௞ + 𝑎ହ
௞ + 𝑎଺

௞ + 𝑎଻
௞ + 𝑎଼

௞ + 𝑎ଽ
௞        ( 𝑘 = 1, 3, 5, 7, 9, 11, 13, 15, 17 ) 

and 

𝐺ଵ = −𝑃ଵ 

𝐺ଷ = (𝑃ଵ
ଷ − 𝑃ଷ) 3⁄  

𝐺ହ = (𝑃ଵ
ହ − 𝑃ହ) 5⁄  

𝐺଻ = (𝑃ଵ
଻ − 𝑃଻) 7⁄  

𝐺ଽ = (𝑃ଵ
ଽ − 𝑃ଽ) 9⁄ − (𝐺ଷ

ଷ/3) 

𝐺ଵଵ = (𝑃ଵ
ଵଵ − 𝑃ଵଵ) 11⁄ − (𝐺ଷ

ଶ𝐺ହ) 

𝐺ଵଷ = (𝑃ଵ
ଵଷ − 𝑃ଵଷ) 13⁄ − (𝐺ଷ𝐺ହ

ଶ + 𝐺ଷ
ଶ𝐺଻) 

𝐺ଵହ = (𝑃ଵ
ଵହ − 𝑃ଵହ) 15⁄ − (𝐺ଷ

ହ/5 + 𝐺ହ
ଷ/3 + 2𝐺ଷ𝐺ହ𝐺଻ + 𝐺ଷ

ଶ𝐺ଽ) 

𝐺ଵ଻ = (𝑃ଵ
ଵ଻ − 𝑃ଵ଻) 17⁄ − (𝐺ଷ

ସ𝐺ହ + 𝐺ହ
ଶ𝐺଻ + 𝐺ଷ𝐺଻

ଶ + 2𝐺ଷ𝐺ହ𝐺ଽ + 𝐺ଷ
ଶ𝐺ଵଵ) 

then 

𝐺ଵ
ଶ + 2

ተ

ተ
 

𝐺ଽ 𝐺ହ 𝐺ଷ 0 1

𝐺ଵଵ 𝐺଻ 𝐺ହ 𝐺ଷ 𝐺ଵ
ଶ

𝐺ଵଷ 𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଵ
ସ + 𝐺ଷ𝐺ଵ

𝐺ଵହ 𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ଵ
଺ + 𝐺ଷ𝐺ଵ

ଷ + 𝐺ହ𝐺ଵ

𝐺ଵ଻ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺ଵ
଼ + 𝐺ଷ𝐺ଵ

ହ + 𝐺ହ𝐺ଵ
ଷ + 𝐺଻𝐺ଵ

 
ተ

ተ

ተ

ተ
 

𝐺଻ 𝐺ହ 𝐺ଷ 0 1

𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଷ 𝐺ଵ
ଶ

𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଵ
ସ + 𝐺ଷ𝐺ଵ

𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ଵ
଺ + 𝐺ଷ𝐺ଵ

ଷ + 𝐺ହ𝐺ଵ

𝐺ଵହ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺ଵ
଼ + 𝐺ଷ𝐺ଵ

ହ + 𝐺ହ𝐺ଵ
ଷ + 𝐺଻𝐺ଵ

 
ተ

ተ

= 𝑎ଵ
ଶ + 𝑎ଶ

ଶ + 𝑎ଷ
ଶ + ⋯ + 𝑎ଽ

ଶ 

 

Example 3.8.4 (Chen Shuwen, 2020) 

Let 

𝑃௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + 𝑎ଷ
௞ + 𝑎ସ

௞ + 𝑎ହ
௞ + 𝑎଺

௞ + 𝑎଻
௞ + 𝑎଼

௞ + 𝑎ଽ
௞ + 𝑎ଵ଴

௞        ( 𝑘 = 1, 3, 5, 7, 9, 11, 13, 15, 17, 19 ) 

and 

𝐺ଵ = −𝑃ଵ 
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𝐺ଷ = (𝑃ଵ
ଷ − 𝑃ଷ) 3⁄  

𝐺ହ = (𝑃ଵ
ହ − 𝑃ହ) 5⁄  

𝐺଻ = (𝑃ଵ
଻ − 𝑃଻) 7⁄  

𝐺ଽ = (𝑃ଵ
ଽ − 𝑃ଽ) 9⁄ − (𝐺ଷ

ଷ/3) 

𝐺ଵଵ = (𝑃ଵ
ଵଵ − 𝑃ଵଵ) 11⁄ − (𝐺ଷ

ଶ𝐺ହ) 

𝐺ଵଷ = (𝑃ଵ
ଵଷ − 𝑃ଵଷ) 13⁄ − (𝐺ଷ𝐺ହ

ଶ + 𝐺ଷ
ଶ𝐺଻) 

𝐺ଵହ = (𝑃ଵ
ଵହ − 𝑃ଵହ) 15⁄ − (𝐺ଷ

ହ/5 + 𝐺ହ
ଷ/3 + 2𝐺ଷ𝐺ହ𝐺଻ + 𝐺ଷ

ଶ𝐺ଽ) 

𝐺ଵ଻ = (𝑃ଵ
ଵ଻ − 𝑃ଵ଻) 17⁄ − (𝐺ଷ

ସ𝐺ହ + 𝐺ହ
ଶ𝐺଻ + 𝐺ଷ𝐺଻

ଶ + 2𝐺ଷ𝐺ହ𝐺ଽ + 𝐺ଷ
ଶ𝐺ଵଵ) 

𝐺ଵଽ = (𝑃ଵ
ଵଽ − 𝑃ଵଽ) 19⁄ − (2𝐺ଷ

ଷ𝐺ହ
ଶ + 𝐺ଷ

ସ𝐺଻ + 𝐺ହ𝐺଻
ଶ + 𝐺ହ

ଶ𝐺ଽ + 2𝐺ଷ𝐺଻𝐺ଽ + 2𝐺ଷ𝐺ହ𝐺ଵଵ + 𝐺ଷ
ଶ𝐺ଵଷ) 

then 

𝐺ଵ
ଶ + 2

ተ

ተ
 

𝐺ଵଵ 𝐺଻ 𝐺ହ 𝐺ଷ 𝐺ଵ

𝐺ଵଷ 𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଵ
ଷ + 𝐺ଷ

𝐺ଵହ 𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ଵ
ହ + 𝐺ଷ𝐺ଵ

ଶ + 𝐺ହ

𝐺ଵ଻ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺ଵ
଻ + 𝐺ଷ𝐺ଵ

ସ + 𝐺ହ𝐺ଵ
ଶ + 𝐺଻

𝐺ଵଽ 𝐺ଵହ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଵ
ଽ + 𝐺ଷ𝐺ଵ

଺ + 𝐺ହ𝐺ଵ
ସ + 𝐺଻𝐺ଵ

ଶ + 𝐺ଽ

 
ተ

ተ

ተ

ተ
 

𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଷ 𝐺ଵ

𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ହ 𝐺ଵ
ଷ + 𝐺ଷ

𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺଻ 𝐺ଵ
ହ + 𝐺ଷ𝐺ଵ

ଶ + 𝐺ହ

𝐺ଵହ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଽ 𝐺ଵ
଻ + 𝐺ଷ𝐺ଵ

ସ + 𝐺ହ𝐺ଵ
ଶ + 𝐺଻

𝐺ଵ଻ 𝐺ଵହ 𝐺ଵଷ 𝐺ଵଵ 𝐺ଵ
ଽ + 𝐺ଷ𝐺ଵ

଺ + 𝐺ହ𝐺ଵ
ସ + 𝐺଻𝐺ଵ

ଶ + 𝐺ଽ

 
ተ

ተ

= 𝑎ଵ
ଶ + 𝑎ଶ

ଶ + 𝑎ଷ
ଶ + ⋯ + 𝑎ଵ଴

ଶ  
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Identities 3.12. ( The generalization of the Girard-Newton Identities, Chen Shuwen, 1997, 2017, 2020) 

Let 𝑛 and 𝑚 be positive integers, 𝑘 be integer.  Denote 

𝑅௞ = ቐ 

𝑎ଵ
௞ + 𝑎ଶ

௞ + ⋯ + 𝑎௡
௞ − (𝑏ଵ

௞ + 𝑏ଶ
௞ + ⋯ + 𝑏௠

௞ )      for 𝑘 ≠ 0

−
𝑏ଵ𝑏ଶ … 𝑏௠

𝑎ଵ𝑎ଶ … 𝑎௡

      for 𝑘 = 0
 

and let 

⎩
⎪⎪
⎨

⎪⎪
⎧

 

𝑈ଵ = 𝑅ଵ

𝑈௞ = (𝑅௞ + 𝑈ଵ𝑅௞ିଵ + 𝑈ଶ𝑅௞ିଶ + ⋯ + 𝑈௞ିଵ𝑅ଵ)/𝑘,                         for 𝑘 > 1

𝑈଴ = 𝑅଴

𝑈ିଵ = 𝑅଴𝑅ିଵ

𝑈௞ = (𝑅଴𝑅௞ + 𝑈ିଵ𝑅௞ାଵ + 𝑈ିଶ𝑅௞ାଶ + ⋯ + 𝑈௞ାଵ𝑅ିଵ)/(−𝑘),      for 𝑘 < −1

 

and let 

𝑆௞ = 𝛾௞ +  𝛿௞       where   𝛾௞ = ൞ 

0       ( 𝑘 < 0 ) 

1       ( 𝑘 = 0 ) 

𝑈௞      ( 𝑘 > 0 )   

,  𝛿௞ = ቊ 
(−1)௠ି௡𝑈௞ି௠ା௡       ( 𝑘 ≤ 𝑚 − 𝑛 ) 

0                                     ( 𝑘 > 𝑚 − 𝑛 ) 
 

and for 0 ≤ 𝑡 < 𝑛, let 

𝑊௡௞ା௧ =

ተ

ተ

ተ

  

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝐷௞

𝐷௞ାଵ

𝐷௞ାଶ

⋮
𝐷௞ା௡ି௧ିଵ

𝐷௞ା௡ି௧ାଵ

⋮
𝐷௞ା௡

𝐷௞ା௡ାଵ ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

  

ተ

ተ

ተ

 , where 𝐷௞ = [ 𝑆௞ 𝑆௞ିଵ 𝑆௞ିଶ … 𝑆௞ି௡ାଶ 𝑆௞ି௡ାଵ ] 

Then 

𝑊௡௠ = ෑ ෑ (𝑎௜−𝑏௝)
௠

௝ୀଵ

௡

௜ୀଵ
 

and 

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧

 

𝑊௡௞ାଵ

𝑊௡௞

= 𝑎ଵ + 𝑎ଶ + ⋯ + 𝑎௡ 

𝑊௡௞ାଶ

𝑊௡௞

= 𝑎ଵ𝑎ଶ + 𝑎ଵ𝑎ଷ + ⋯ + 𝑎௡ିଵ𝑎௡ 

𝑊௡௞ାଷ

𝑊௡௞

= 𝑎ଵ𝑎ଶ𝑎ଷ + 𝑎ଵ𝑎ଶ𝑎ସ + ⋯ + 𝑎௡ିଶ𝑎௡ିଵ𝑎௡

     ⋮
𝑊௡௞ା௡

𝑊௡௞

= 𝑎ଵ𝑎ଶ𝑎ଷ … 𝑎௡

 

Remark. Here we generalize The Girard-Newton Identities from the case of 𝑘 > 0 and 𝑚 = 0 to the case of any 

integer 𝑘 and any positive integer 𝑚, 𝑛. It is useful for solving the Generalization of Prouhet-Tarry-Escott 

Problem and Equal sums of like powers system, which will be discussed in Chapter 5.  
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Example 3.9.1 (Chen Shuwen, 2017, 2019, 2020) 

Let 

⎩
⎪
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎧

  

𝑅ଵ = 𝑎ଵ + 𝑎ଶ + 𝑎ଷ + 𝑎ସ − 𝑏ଵ − 𝑏ଶ − 𝑏ଷ − 𝑏ସ − 𝑏ହ − 𝑏଺

𝑅ଶ = 𝑎ଵ
ଶ + 𝑎ଶ

ଶ + 𝑎ଷ
ଶ + 𝑎ସ

ଶ − 𝑏ଵ
ଶ − 𝑏ଶ

ଶ − 𝑏ଷ
ଶ − 𝑏ସ

ଶ − 𝑏ହ
ଶ − 𝑏଺

ଶ

𝑅ଷ = 𝑎ଵ
ଷ + 𝑎ଶ

ଷ + 𝑎ଷ
ଷ + 𝑎ସ

ଷ − 𝑏ଵ
ଷ − 𝑏ଶ

ଷ − 𝑏ଷ
ଷ − 𝑏ସ

ଷ − 𝑏ହ
ଷ − 𝑏଺

ଷ

𝑅ସ = 𝑎ଵ
ସ + 𝑎ଶ

ସ + 𝑎ଷ
ସ + 𝑎ସ

ସ − 𝑏ଵ
ସ − 𝑏ଶ

ସ − 𝑏ଷ
ସ − 𝑏ସ

ସ − 𝑏ହ
ସ − 𝑏଺

ସ

𝑅ହ = 𝑎ଵ
ହ + 𝑎ଶ

ହ + 𝑎ଷ
ହ + 𝑎ସ

ହ − 𝑏ଵ
ହ − 𝑏ଶ

ହ − 𝑏ଷ
ହ − 𝑏ସ

ହ − 𝑏ହ
ହ − 𝑏଺

ହ

𝑅଺ = 𝑎ଵ
଺ + 𝑎ଶ

଺ + 𝑎ଷ
଺ + 𝑎ସ

଺ − 𝑏ଵ
଺ − 𝑏ଶ

଺ − 𝑏ଷ
଺ − 𝑏ସ

଺ − 𝑏ହ
଺ − 𝑏଺

଺

𝑅଻ = 𝑎ଵ
଻ + 𝑎ଶ

଻ + 𝑎ଷ
଻ + 𝑎ସ

଻ − 𝑏ଵ
଻ − 𝑏ଶ

଻ − 𝑏ଷ
଻ − 𝑏ସ

଻ − 𝑏ହ
଻ − 𝑏଺

଻

𝑅଼ = 𝑎ଵ
଼ + 𝑎ଶ

଼ + 𝑎ଷ
଼ + 𝑎ସ

଼ − 𝑏ଵ
଼ − 𝑏ଶ

଼ − 𝑏ଷ
଼ − 𝑏ସ

଼ − 𝑏ହ
଼ − 𝑏଺

଼

𝑅ଽ = 𝑎ଵ
ଽ + 𝑎ଶ

ଽ + 𝑎ଷ
ଽ + 𝑎ସ

ଽ − 𝑏ଵ
ଽ − 𝑏ଶ

ଽ − 𝑏ଷ
ଽ − 𝑏ସ

ଽ − 𝑏ହ
ଽ − 𝑏଺

ଽ

𝑅ଵ଴ = 𝑎ଵ
ଵ଴ + 𝑎ଶ

ଵ଴ + 𝑎ଷ
ଵ଴ + 𝑎ସ

ଵ଴ − 𝑏ଵ
ଵ଴ − 𝑏ଶ

ଵ଴ − 𝑏ଷ
ଵ଴ − 𝑏ସ

ଵ଴ − 𝑏ହ
ଵ଴ − 𝑏଺

ଵ଴

 

And 

⎩
⎪
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎧

  

𝑆ଵ = (𝑅ଵ) 1⁄

𝑆ଶ = (𝑅ଶ + 𝑆ଵ𝑅ଵ) 2⁄

𝑆ଷ = (𝑅ଷ + 𝑆ଵ𝑅ଶ + 𝑆ଶ𝑅ଵ)/3

𝑆ସ = (𝑅ସ + 𝑆ଵ𝑅ଷ + 𝑆ଶ𝑅ଶ + 𝑆ଷ𝑅ଵ)/4

𝑆ହ = (𝑅ହ + 𝑆ଵ𝑅ସ + 𝑆ଶ𝑅ଷ + 𝑆ଷ𝑅ଶ + 𝑆ସ𝑅ଵ) 5⁄

𝑆଺ = (𝑅଺ + 𝑆ଵ𝑅ହ + 𝑆ଶ𝑅ସ + 𝑆ଷ𝑅ଷ + 𝑆ସ𝑅ଶ + 𝑆ହ𝑅ଵ) 6⁄

𝑆଻ = (𝑅଻ + 𝑆ଵ𝑅଺ + 𝑆ଶ𝑅ହ + 𝑆ଷ𝑅ସ + 𝑆ସ𝑅ଷ + 𝑆ହ𝑅ଶ + 𝑆଺𝑅ଵ) 7⁄

𝑆଼ = (𝑅଼ + 𝑆ଵ𝑅଻ + 𝑆ଶ𝑅଺ + 𝑆ଷ𝑅ହ + 𝑆ସ𝑅ସ + 𝑆ହ𝑅ଷ + 𝑆଺𝑅ଶ + 𝑆଻𝑅ଵ) 8⁄

𝑆ଽ = (𝑅ଽ + 𝑆ଵ𝑅଼ + 𝑆ଶ𝑅଻ + 𝑆ଷ𝑅଺ + 𝑆ସ𝑅ହ + 𝑆ହ𝑅ସ + 𝑆଺𝑅ଷ + 𝑆଻𝑅ଶ + 𝑆଼𝑅ଵ) 9⁄

𝑆ଵ଴ = (𝑅ଵ଴ + 𝑆ଵ𝑅ଽ + 𝑆ଶ𝑅଼ + 𝑆ଷ𝑅଻ + 𝑆ସ𝑅଺ + 𝑆ହ𝑅ହ + 𝑆଺𝑅ସ + 𝑆଻𝑅ଷ + 𝑆଼𝑅ଶ + 𝑆ଽ𝑅ଵ) 10⁄

 

and 

𝑊ଶସ = ተ 

𝑆଺ 𝑆ହ 𝑆ସ 𝑆ଷ

𝑆଻ 𝑆଺ 𝑆ହ 𝑆ସ

𝑆଼ 𝑆଻ 𝑆଺ 𝑆ହ

𝑆ଽ 𝑆଼ 𝑆଻ 𝑆଺

 ተ 𝑊ଶହ = ተ 

𝑆଺ 𝑆ହ 𝑆ସ 𝑆ଷ

𝑆଻ 𝑆଺ 𝑆ହ 𝑆ସ

𝑆଼ 𝑆଻ 𝑆଺ 𝑆ହ

𝑆ଵ଴ 𝑆ଽ 𝑆଼ 𝑆଻

 ተ 𝑊ଶ଺ = ተ 

𝑆଺ 𝑆ହ 𝑆ସ 𝑆ଷ

𝑆଻ 𝑆଺ 𝑆ହ 𝑆ସ

𝑆ଽ 𝑆଼ 𝑆଻ 𝑆଺

𝑆ଵ଴ 𝑆ଽ 𝑆଼ 𝑆଻

 ተ 

𝑊ଶ଻ = ተ 

𝑆଺ 𝑆ହ 𝑆ସ 𝑆ଷ

𝑆଼ 𝑆଻ 𝑆଺ 𝑆ହ

𝑆ଽ 𝑆଼ 𝑆଻ 𝑆଺

𝑆ଵ଴ 𝑆ଽ 𝑆଼ 𝑆଻

 ተ 𝑊ଶ଼ = ተ 

𝑆଻ 𝑆଺ 𝑆ହ 𝑆ସ

𝑆଼ 𝑆଻ 𝑆଺ 𝑆ହ

𝑆ଽ 𝑆଼ 𝑆଻ 𝑆଺

𝑆ଵ଴ 𝑆ଽ 𝑆଼ 𝑆଻

 ተ 

 

Then 

𝑊ଶହ

𝑊ଶସ

= 𝑎ଵ + 𝑎ଶ + 𝑎ଷ + 𝑎ସ 
𝑊ଶ଺

𝑊ଶସ

= 𝑎ଵ𝑎ଶ + 𝑎ଵ𝑎ଷ + 𝑎ଶ𝑎ଷ + 𝑎ଵ𝑎ସ + 𝑎ଶ𝑎ସ + 𝑎ଷ𝑎ସ 

𝑊ଶ଻

𝑊ଶସ

= 𝑎ଵ𝑎ଶ𝑎ଷ + 𝑎ଵ𝑎ଶ𝑎ସ + 𝑎ଵ𝑎ଷ𝑎ସ + 𝑎ଶ𝑎ଷ𝑎ସ 
𝑊ଶ଼

𝑊ଶସ

= 𝑎ଵ𝑎ଶ𝑎ଷ𝑎ସ 

Remark. This identities is for solving the Prouhet-Tarry-Escott Problem of the below case. 

𝑎଴
௞ + 𝑎ଵ

௞ + 𝑎ଶ
௞ + 𝑎ଷ

௞ + 𝑎ସ
௞ + 𝑎ହ

௞ + 𝑎଺
௞ + 𝑎଻

௞ + 𝑎଼
௞ + 𝑎ଽ

௞ + 𝑎ଵ଴
௞

= 𝑏0
𝑘 + 𝑏1

𝑘 + 𝑏2
𝑘 + 𝑏3

𝑘 + 𝑏4
𝑘 + 𝑏5

𝑘 + 𝑏6
𝑘 + 𝑏7

𝑘 + 𝑏8
𝑘 + 𝑏9

𝑘 + 𝑏10
𝑘

 

 （𝑘 = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 ) 
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Remark. For the above Example 3.9 

𝑆ଵ = 𝑎ଵ + 𝑎ଶ + 𝑎ଷ + 𝑎ସ − 𝑏ଵ − 𝑏ଶ − 𝑏ଷ − 𝑏ସ − 𝑏ହ − 𝑏଺ 

𝑆ଶ = 𝑎ଵ
ଶ + 𝑎ଵ𝑎ଶ + 𝑎ଶ

ଶ + 𝑎ଵ𝑎ଷ + 𝑎ଶ𝑎ଷ + 𝑎ଷ
ଶ + 𝑎ଵ𝑎ସ + 𝑎ଶ𝑎ସ + 𝑎ଷ𝑎ସ + 𝑎ସ

ଶ − 𝑎ଵ𝑏ଵ − 𝑎ଶ𝑏ଵ − 𝑎ଷ𝑏ଵ − 𝑎ସ𝑏ଵ − 𝑎ଵ𝑏ଶ

− 𝑎ଶ𝑏ଶ − 𝑎ଷ𝑏ଶ − 𝑎ସ𝑏ଶ + 𝑏ଵ𝑏ଶ − 𝑎ଵ𝑏ଷ − 𝑎ଶ𝑏ଷ − 𝑎ଷ𝑏ଷ − 𝑎ସ𝑏ଷ + 𝑏ଵ𝑏ଷ + 𝑏ଶ𝑏ଷ − 𝑎ଵ𝑏ସ − 𝑎ଶ𝑏ସ

− 𝑎ଷ𝑏ସ − 𝑎ସ𝑏ସ + 𝑏ଵ𝑏ସ + 𝑏ଶ𝑏ସ + 𝑏ଷ𝑏ସ − 𝑎ଵ𝑏ହ − 𝑎ଶ𝑏ହ − 𝑎ଷ𝑏ହ − 𝑎ସ𝑏ହ + 𝑏ଵ𝑏ହ + 𝑏ଶ𝑏ହ + 𝑏ଷ𝑏ହ

+ 𝑏ସ𝑏ହ − 𝑎ଵ𝑏଺ − 𝑎ଶ𝑏଺ − 𝑎ଷ𝑏଺ − 𝑎ସ𝑏଺ + 𝑏ଵ𝑏଺ + 𝑏ଶ𝑏଺ + 𝑏ଷ𝑏଺ + 𝑏ସ𝑏଺ + 𝑏ହ𝑏଺ 

𝑆ଷ = 𝑎ଵ
ଷ + 𝑎ଵ

ଶ𝑎ଶ + 𝑎ଵ𝑎ଶ
ଶ + 𝑎ଶ

ଷ + 𝑎ଵ
ଶ𝑎ଷ + 𝑎ଵ𝑎ଶ𝑎ଷ + 𝑎ଶ

ଶ𝑎ଷ + 𝑎ଵ𝑎ଷ
ଶ + 𝑎ଶ𝑎ଷ

ଶ + 𝑎ଷ
ଷ + 𝑎ଵ

ଶ𝑎ସ + 𝑎ଵ𝑎ଶ𝑎ସ + 𝑎ଶ
ଶ𝑎ସ + 𝑎ଵ𝑎ଷ𝑎ସ

+ ⋯ + 𝑎ଷ𝑏ହ𝑏଺ + 𝑎ସ𝑏ହ𝑏଺ − 𝑏ଵ𝑏ହ𝑏଺ − 𝑏ଶ𝑏ହ𝑏଺ − 𝑏ଷ𝑏ହ𝑏଺ − 𝑏ସ𝑏ହ𝑏଺ 

… … 

𝑆௞ = ෍ 𝑎ଵ
௞భ𝑎ଶ

௞మ𝑎ଷ
௞య𝑎ସ

௞ర(−𝑏ଵ)௞ఱ(−𝑏ଶ)௞ల(−𝑏ଷ)௞ళ(−𝑏ସ)௞ఴ(−𝑏ହ)௞వ(−𝑏଺)௞భబ

଴ஸ௞భ,௞మ,௞య,௞రஸ௞ 
଴ஸ௞ఱ,௞ల,௞ళ,௞ఴ,௞వ,௞భబஸଵ
௞భା௞మା⋯ା௞వା௞భబୀ௞

 

and 

𝑊ଶସ = 𝑆଺
ସ − 3𝑆ହ𝑆଺

ଶ𝑆଻ + 𝑆ହ
ଶ𝑆଻

ଶ + 2𝑆ସ𝑆଺𝑆଻
ଶ − 𝑆ଷ𝑆଻

ଷ + 2𝑆ହ
ଶ𝑆଺𝑆଼ − 2𝑆ସ𝑆଺

ଶ𝑆଼ − 2𝑆ସ𝑆ହ𝑆଻𝑆଼ + 2𝑆ଷ𝑆଺𝑆଻𝑆଼ + 𝑆ସ
ଶ𝑆଼

ଶ

− 𝑆ଷ𝑆ହ𝑆଼
ଶ − 𝑆ହ

ଷ𝑆ଽ + 2𝑆ସ𝑆ହ𝑆଺𝑆ଽ − 𝑆ଷ𝑆଺
ଶ𝑆ଽ − 𝑆ସ

ଶ𝑆଻𝑆ଽ + 𝑆ଷ𝑆ହ𝑆଻𝑆ଽ 

𝑊ଶହ = 𝑆଺
ଷ𝑆଻ − 2𝑆ହ𝑆଺𝑆଻

ଶ + 𝑆ସ𝑆଻
ଷ − 𝑆ହ𝑆଺

ଶ𝑆଼ + 2𝑆ହ
ଶ𝑆଻𝑆଼ − 𝑆ଷ𝑆଻

ଶ𝑆଼ − 𝑆ସ𝑆ହ𝑆଼
ଶ + 𝑆ଷ𝑆଺𝑆଼

ଶ + 𝑆ହ
ଶ𝑆଺𝑆ଽ − 𝑆ସ𝑆଺

ଶ𝑆ଽ

− 𝑆ସ𝑆ହ𝑆଻𝑆ଽ + 𝑆ଷ𝑆଺𝑆଻𝑆ଽ + 𝑆ସ
ଶ𝑆଼𝑆ଽ − 𝑆ଷ𝑆ହ𝑆଼𝑆ଽ − 𝑆ହ

ଷ𝑆ଵ଴ + 2𝑆ସ𝑆ହ𝑆଺𝑆ଵ଴ − 𝑆ଷ𝑆଺
ଶ𝑆ଵ଴ − 𝑆ସ

ଶ𝑆଻𝑆ଵ଴

+ 𝑆ଷ𝑆ହ𝑆଻𝑆ଵ଴ 

𝑊ଶ଺ = 𝑆଺
ଶ𝑆଻

ଶ − 𝑆ହ𝑆଻
ଷ − 𝑆଺

ଷ𝑆଼ + 𝑆ସ𝑆଻
ଶ𝑆଼ + 𝑆ସ𝑆଺𝑆଼

ଶ − 𝑆ଷ𝑆଻𝑆଼
ଶ + 𝑆ହ𝑆଺

ଶ𝑆ଽ + 𝑆ହ
ଶ𝑆଻𝑆ଽ − 3𝑆ସ𝑆଺𝑆଻𝑆ଽ + 𝑆ଷ𝑆଻

ଶ𝑆ଽ − 𝑆ସ𝑆ହ𝑆଼𝑆ଽ

+ 𝑆ଷ𝑆଺𝑆଼𝑆ଽ + 𝑆ସ
ଶ𝑆ଽ

ଶ − 𝑆ଷ𝑆ହ𝑆ଽ
ଶ − 𝑆ହ

ଶ𝑆଺𝑆ଵ଴ + 𝑆ସ𝑆଺
ଶ𝑆ଵ଴ + 𝑆ସ𝑆ହ𝑆଻𝑆ଵ଴ − 𝑆ଷ𝑆଺𝑆଻𝑆ଵ଴ − 𝑆ସ

ଶ𝑆଼𝑆ଵ଴

+ 𝑆ଷ𝑆ହ𝑆଼𝑆ଵ଴ 

𝑊ଶ଻ = 𝑆଺𝑆଻
ଷ − 2𝑆଺

ଶ𝑆଻𝑆଼ − 𝑆ହ𝑆଻
ଶ𝑆଼ + 2𝑆ହ𝑆଺𝑆଼

ଶ + 𝑆ସ𝑆଻𝑆଼
ଶ − 𝑆ଷ𝑆଼

ଷ + 𝑆଺
ଷ𝑆ଽ − 𝑆ସ𝑆଻

ଶ𝑆ଽ − 𝑆ହ
ଶ𝑆଼𝑆ଽ − 𝑆ସ𝑆଺𝑆଼𝑆ଽ

+ 2𝑆ଷ𝑆଻𝑆଼𝑆ଽ + 𝑆ସ𝑆ହ𝑆ଽ
ଶ − 𝑆ଷ𝑆଺𝑆ଽ

ଶ − 𝑆ହ𝑆଺
ଶ𝑆ଵ଴ + 𝑆ହ

ଶ𝑆଻𝑆ଵ଴ + 𝑆ସ𝑆଺𝑆଻𝑆ଵ଴ − 𝑆ଷ𝑆଻
ଶ𝑆ଵ଴ − 𝑆ସ𝑆ହ𝑆଼𝑆ଵ଴

+ 𝑆ଷ𝑆଺𝑆଼𝑆ଵ଴ 

𝑊ଶ଼ = 𝑆଻
ସ − 3𝑆଺𝑆଻

ଶ𝑆଼ + 𝑆଺
ଶ𝑆଼

ଶ + 2𝑆ହ𝑆଻𝑆଼
ଶ − 𝑆ସ𝑆଼

ଷ + 2𝑆଺
ଶ𝑆଻𝑆ଽ − 2𝑆ହ𝑆଻

ଶ𝑆ଽ − 2𝑆ହ𝑆଺𝑆଼𝑆ଽ + 2𝑆ସ𝑆଻𝑆଼𝑆ଽ + 𝑆ହ
ଶ𝑆ଽ

ଶ

− 𝑆ସ𝑆଺𝑆ଽ
ଶ − 𝑆଺

ଷ𝑆ଵ଴ + 2𝑆ହ𝑆଺𝑆଻𝑆ଵ଴ − 𝑆ସ𝑆଻
ଶ𝑆ଵ଴ − 𝑆ହ

ଶ𝑆଼𝑆ଵ଴ + 𝑆ସ𝑆଺𝑆଼𝑆ଵ଴ 

and 

𝑊ଶସ = (𝑎ଵ − 𝑏ଵ)(𝑎ଵ − 𝑏ଶ)(𝑎ଵ − 𝑏ଷ)(𝑎ଵ − 𝑏ସ)(𝑎ଵ − 𝑏ହ)(𝑎ଵ − 𝑏଺) 

× (𝑎ଶ − 𝑏ଵ)(𝑎ଶ − 𝑏ଶ)(𝑎ଶ − 𝑏ଷ)(𝑎ଶ − 𝑏ସ)(𝑎ଶ − 𝑏ହ)(𝑎ଶ − 𝑏଺) 

× (𝑎ଷ − 𝑏ଵ)(𝑎ଷ − 𝑏ଶ)(𝑎ଷ − 𝑏ଷ)(𝑎ଷ − 𝑏ସ)(𝑎ଷ − 𝑏ହ)(𝑎ଷ − 𝑏଺) 

× (𝑎ସ − 𝑏ଵ)(𝑎ସ − 𝑏ଶ)(𝑎ସ − 𝑏ଷ)(𝑎ସ − 𝑏ସ)(𝑎ସ − 𝑏ହ)(𝑎ସ − 𝑏଺) 

 

Example 3.9.2 (Chen Shuwen, 2017, 2019, 2020) 

Let 

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧

  

𝑅ଵ = 𝑎ଵ + 𝑎ଶ + 𝑎ଷ + 𝑎ସ − 𝑏ଵ − 𝑏ଶ − 𝑏ଷ − 𝑏ସ

𝑅ଶ = 𝑎ଵ
ଶ + 𝑎ଶ

ଶ + 𝑎ଷ
ଶ + 𝑎ସ

ଶ − 𝑏ଵ
ଶ − 𝑏ଶ

ଶ − 𝑏ଷ
ଶ − 𝑏ସ

ଶ

𝑅ଷ = 𝑎ଵ
ଷ + 𝑎ଶ

ଷ + 𝑎ଷ
ଷ + 𝑎ସ

ଷ − 𝑏ଵ
ଷ − 𝑏ଶ

ଷ − 𝑏ଷ
ଷ − 𝑏ସ

ଷ

𝑅ସ = 𝑎ଵ
ସ + 𝑎ଶ

ସ + 𝑎ଷ
ସ + 𝑎ସ

ସ − 𝑏ଵ
ସ − 𝑏ଶ

ସ − 𝑏ଷ
ସ − 𝑏ସ

ସ

𝑅ହ = 𝑎ଵ
ହ + 𝑎ଶ

ହ + 𝑎ଷ
ହ + 𝑎ସ

ହ − 𝑏ଵ
ହ − 𝑏ଶ

ହ − 𝑏ଷ
ହ − 𝑏ସ

ହ

𝑅଺ = 𝑎ଵ
଺ + 𝑎ଶ

଺ + 𝑎ଷ
଺ + 𝑎ସ

଺ − 𝑏ଵ
଺ − 𝑏ଶ

଺ − 𝑏ଷ
଺ − 𝑏ସ

଺

𝑅଻ = 𝑎ଵ
଻ + 𝑎ଶ

଻ + 𝑎ଷ
଻ + 𝑎ସ

଻ − 𝑏ଵ
଻ − 𝑏ଶ

଻ − 𝑏ଷ
଻ − 𝑏ସ

଻

𝑅଼ = 𝑎ଵ
଼ + 𝑎ଶ

଼ + 𝑎ଷ
଼ + 𝑎ସ

଼ − 𝑏ଵ
଼ − 𝑏ଶ

଼ − 𝑏ଷ
଼ − 𝑏ସ

଼

 

and 
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⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧

  

𝑆ଵ = (𝑅ଵ) 1⁄

𝑆ଶ = (𝑅ଶ + 𝑆ଵ𝑅ଵ) 2⁄

𝑆ଷ = (𝑅ଷ + 𝑆ଵ𝑅ଶ + 𝑆ଶ𝑅ଵ)/3

𝑆ସ = (𝑅ସ + 𝑆ଵ𝑅ଷ + 𝑆ଶ𝑅ଶ + 𝑆ଷ𝑅ଵ)/4

𝑆ହ = (𝑅ହ + 𝑆ଵ𝑅ସ + 𝑆ଶ𝑅ଷ + 𝑆ଷ𝑅ଶ + 𝑆ସ𝑅ଵ) 5⁄

𝑆଺ = (𝑅଺ + 𝑆ଵ𝑅ହ + 𝑆ଶ𝑅ସ + 𝑆ଷ𝑅ଷ + 𝑆ସ𝑅ଶ + 𝑆ହ𝑅ଵ) 6⁄

𝑆଻ = (𝑅଻ + 𝑆ଵ𝑅଺ + 𝑆ଶ𝑅ହ + 𝑆ଷ𝑅ସ + 𝑆ସ𝑅ଷ + 𝑆ହ𝑅ଶ + 𝑆଺𝑅ଵ) 7⁄

𝑆଼ = (𝑅଼ + 𝑆ଵ𝑅଻ + 𝑆ଶ𝑅଺ + 𝑆ଷ𝑅ହ + 𝑆ସ𝑅ସ + 𝑆ହ𝑅ଷ + 𝑆଺𝑅ଶ + 𝑆଻𝑅ଵ) 8⁄

 

and 

𝑊ଵ଺ = ተ 

𝑆ସ 𝑆ଷ 𝑆ଶ 𝑆ଵ

𝑆ହ 𝑆ସ 𝑆ଷ 𝑆ଶ

𝑆଺ 𝑆ହ 𝑆ସ 𝑆ଷ

𝑆଻ 𝑆଺ 𝑆ହ 𝑆ସ

 ተ 𝑊ଵ଻ = ተ 

𝑆ସ 𝑆ଷ 𝑆ଶ 𝑆ଵ

𝑆ହ 𝑆ସ 𝑆ଷ 𝑆ଶ

𝑆଺ 𝑆ହ 𝑆ସ 𝑆ଷ

𝑆଼ 𝑆଻ 𝑆଺ 𝑆ହ

 ተ 𝑊ଵ଼ = ተ 

𝑆ସ 𝑆ଷ 𝑆ଶ 𝑆ଵ

𝑆ହ 𝑆ସ 𝑆ଷ 𝑆ଶ

𝑆଻ 𝑆଺ 𝑆ହ 𝑆ସ

𝑆଼ 𝑆଻ 𝑆଺ 𝑆ହ

 ተ 

𝑊ଵଽ = ተ 

𝑆ସ 𝑆ଷ 𝑆ଶ 𝑆ଵ

𝑆଺ 𝑆ହ 𝑆ସ 𝑆ଷ

𝑆଻ 𝑆଺ 𝑆ହ 𝑆ସ

𝑆଼ 𝑆଻ 𝑆଺ 𝑆ହ

 ተ 𝑊ଶ଴ = ተ 

𝑆ହ 𝑆ସ 𝑆ଷ 𝑆ଶ

𝑆଺ 𝑆ହ 𝑆ସ 𝑆ଷ

𝑆଻ 𝑆଺ 𝑆ହ 𝑆ସ

𝑆଼ 𝑆଻ 𝑆଺ 𝑆ହ

 ተ 

 

Then 

𝑊ଵ଺ = (𝑎ଵ − 𝑏ଵ)(𝑎ଵ − 𝑏ଶ)(𝑎ଵ − 𝑏ଷ)(𝑎ଵ − 𝑏ସ) 

× (𝑎ଶ − 𝑏ଵ)(𝑎ଶ − 𝑏ଶ)(𝑎ଶ − 𝑏ଷ)(𝑎ଶ − 𝑏ସ) 

× (𝑎ଷ − 𝑏ଵ)(𝑎ଷ − 𝑏ଶ)(𝑎ଷ − 𝑏ଷ)(𝑎ଷ − 𝑏ସ) 

× (𝑎ସ − 𝑏ଵ)(𝑎ସ − 𝑏ଶ)(𝑎ସ − 𝑏ଷ)(𝑎ସ − 𝑏ସ) 

and 

𝑊ଵ଻

𝑊ଵ଺

= 𝑎ଵ + 𝑎ଶ + 𝑎ଷ + 𝑎ସ 
𝑊ଵ଼

𝑊ଵ଺

= 𝑎ଵ𝑎ଶ + 𝑎ଵ𝑎ଷ + 𝑎ଶ𝑎ଷ + 𝑎ଵ𝑎ସ + 𝑎ଶ𝑎ସ + 𝑎ଷ𝑎ସ 

𝑊ଵଽ

𝑊ଵ଺

= 𝑎ଵ𝑎ଶ𝑎ଷ + 𝑎ଵ𝑎ଶ𝑎ସ + 𝑎ଵ𝑎ଷ𝑎ସ + 𝑎ଶ𝑎ଷ𝑎ସ 
𝑊ଶ଴

𝑊ଵ଺

= 𝑎ଵ𝑎ଶ𝑎ଷ𝑎ସ 
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Example 3.9.3 (Chen Shuwen, 2017, 2019, 2020) 

Let 

⎩
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎧

 

𝑅ଵ = 𝑎ଵ + 𝑎ଶ + 𝑎ଷ + 𝑎ସ − 𝑏ଵ − 𝑏ଶ − 𝑏ଷ − 𝑏ସ

𝑅ଶ = 𝑎ଵ
ଶ + 𝑎ଶ

ଶ + 𝑎ଷ
ଶ + 𝑎ସ

ଶ − 𝑏ଵ
ଶ − 𝑏ଶ

ଶ − 𝑏ଷ
ଶ − 𝑏ସ

ଶ

𝑅ଷ = 𝑎ଵ
ଷ + 𝑎ଶ

ଷ + 𝑎ଷ
ଷ + 𝑎ସ

ଷ − 𝑏ଵ
ଷ − 𝑏ଶ

ଷ − 𝑏ଷ
ଷ − 𝑏ସ

ଷ

𝑅ସ = 𝑎ଵ
ସ + 𝑎ଶ

ସ + 𝑎ଷ
ସ + 𝑎ସ

ସ − 𝑏ଵ
ସ − 𝑏ଶ

ସ − 𝑏ଷ
ସ − 𝑏ସ

ସ

𝑅ହ = 𝑎ଵ
ହ + 𝑎ଶ

ହ + 𝑎ଷ
ହ + 𝑎ସ

ହ − 𝑏ଵ
ହ − 𝑏ଶ

ହ − 𝑏ଷ
ହ − 𝑏ସ

ହ

𝑅଺ = 𝑎ଵ
଺ + 𝑎ଶ

଺ + 𝑎ଷ
଺ + 𝑎ସ

଺ − 𝑏ଵ
଺ − 𝑏ଶ

଺ − 𝑏ଷ
଺ − 𝑏ସ

଺

𝑅଻ = 𝑎ଵ
଻ + 𝑎ଶ

଻ + 𝑎ଷ
଻ + 𝑎ସ

଻ − 𝑏ଵ
଻ − 𝑏ଶ

଻ − 𝑏ଷ
଻ − 𝑏ସ

଻

𝑅଼ = 𝑎ଵ
଼ + 𝑎ଶ

଼ + 𝑎ଷ
଼ + 𝑎ସ

଼ − 𝑏ଵ
଼ − 𝑏ଶ

଼ − 𝑏ଷ
଼ − 𝑏ସ

଼

𝑅ଽ = 𝑎ଵ
ଽ + 𝑎ଶ

ଽ + 𝑎ଷ
ଽ + 𝑎ସ

ଽ − 𝑏ଵ
ଽ − 𝑏ଶ

ଽ − 𝑏ଷ
ଽ − 𝑏ସ

ଽ

𝑅଴ = −
𝑏ଵ𝑏ଶ𝑏ଷ𝑏ସ

𝑎ଵ𝑎ଶ𝑎ଷ𝑎ସ

𝑅ିଵ =
1

𝑎ଵ

+
1

𝑎ଶ

+
1

𝑎ଷ

+
1

𝑎ସ

−
1

𝑏ଵ

−
1

𝑏ଶ

−
1

𝑏ଷ

−
1

𝑏ସ

𝑅ିଶ =
1

𝑎ଵ
ଶ +

1

𝑎ଶ
ଶ +

1

𝑎ଷ
ଶ +

1

𝑎ସ
ଶ −

1

𝑏ଵ
ଶ −

1

𝑏ଶ
ଶ −

1

𝑏ଷ
ଶ −

1

𝑏ସ
ଶ

𝑅ିଷ =
1

𝑎ଵ
ଷ +

1

𝑎ଶ
ଷ +

1

𝑎ଷ
ଷ +

1

𝑎ସ
ଷ −

1

𝑏ଵ
ଷ −

1

𝑏ଶ
ଷ −

1

𝑏ଷ
ଷ −

1

𝑏ସ
ଷ

 

and 

⎩
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎧

 

𝑆ଵ = (𝑅ଵ) 1⁄

𝑆ଶ = (𝑅ଶ + 𝑆ଵ𝑅ଵ) 2⁄

𝑆ଷ = (𝑅ଷ + 𝑆ଵ𝑅ଶ + 𝑆ଶ𝑅ଵ)/3

𝑆ସ = (𝑅ସ + 𝑆ଵ𝑅ଷ + 𝑆ଶ𝑅ଶ + 𝑆ଷ𝑅ଵ)/4

𝑆ହ = (𝑅ହ + 𝑆ଵ𝑅ସ + 𝑆ଶ𝑅ଷ + 𝑆ଷ𝑅ଶ + 𝑆ସ𝑅ଵ) 5⁄

𝑆଺ = (𝑅଺ + 𝑆ଵ𝑅ହ + 𝑆ଶ𝑅ସ + 𝑆ଷ𝑅ଷ + 𝑆ସ𝑅ଶ + 𝑆ହ𝑅ଵ) 6⁄

𝑆଻ = (𝑅଻ + 𝑆ଵ𝑅଺ + 𝑆ଶ𝑅ହ + 𝑆ଷ𝑅ସ + 𝑆ସ𝑅ଷ + 𝑆ହ𝑅ଶ + 𝑆଺𝑅ଵ) 7⁄

𝑆଼ = (𝑅଼ + 𝑆ଵ𝑅଻ + 𝑆ଶ𝑅଺ + 𝑆ଷ𝑅ହ + 𝑆ସ𝑅ସ + 𝑆ହ𝑅ଷ + 𝑆଺𝑅ଶ + 𝑆଻𝑅ଵ) 8⁄

𝑆ଽ = (𝑅ଽ + 𝑆ଵ𝑅଼ + 𝑆ଶ𝑅଻ + 𝑆ଷ𝑅଺ + 𝑆ସ𝑅ହ + 𝑆ହ𝑅ସ + 𝑆଺𝑅ଷ + 𝑆଻𝑅ଶ + 𝑆଼𝑅ଵ) 9⁄

𝑆଴ = 1 + 𝑅଴

𝑆ିଵ = (𝑅଴𝑅ିଵ) 1⁄

𝑆ିଶ = (𝑅଴𝑅ିଶ + 𝑆ିଵ𝑅ିଵ) 2⁄

𝑆ିଷ = (𝑅଴𝑅ିଷ + 𝑆ିଵ𝑅ିଶ + 𝑆ିଶ𝑅ିଵ) 3⁄

 

and 

𝑊଼ = ተ 

𝑆ଶ 𝑆ଵ 𝑆଴ 𝑆ିଵ

𝑆ଷ 𝑆ଶ 𝑆ଵ 𝑆଴

𝑆ସ 𝑆ଷ 𝑆ଶ 𝑆ଵ

𝑆ହ 𝑆ସ 𝑆ଷ 𝑆ଶ

 ተ 𝑊ଽ = ተ 

𝑆ଶ 𝑆ଵ 𝑆଴ 𝑆ିଵ

𝑆ଷ 𝑆ଶ 𝑆ଵ 𝑆଴

𝑆ସ 𝑆ଷ 𝑆ଶ 𝑆ଵ

𝑆଺ 𝑆ହ 𝑆ସ 𝑆ଷ

 ተ 𝑊ଵ଴ = ተ 

𝑆ଶ 𝑆ଵ 𝑆଴ 𝑆ିଵ

𝑆ଷ 𝑆ଶ 𝑆ଵ 𝑆଴

𝑆ହ 𝑆ସ 𝑆ଷ 𝑆ଶ

𝑆଺ 𝑆ହ 𝑆ସ 𝑆ଷ

 ተ 𝑊ଵଵ = ተ 

𝑆ଶ 𝑆ଵ 𝑆଴ 𝑆ିଵ

𝑆ସ 𝑆ଷ 𝑆ଶ 𝑆ଵ

𝑆ହ 𝑆ସ 𝑆ଷ 𝑆ଶ

𝑆଺ 𝑆ହ 𝑆ସ 𝑆ଷ

 ተ  

𝑊ଵଶ = ተ 

𝑆ଷ 𝑆ଶ 𝑆ଵ 𝑆଴

𝑆ସ 𝑆ଷ 𝑆ଶ 𝑆ଵ

𝑆ହ 𝑆ସ 𝑆ଷ 𝑆ଶ

𝑆଺ 𝑆ହ 𝑆ସ 𝑆ଷ

 ተ 𝑊ଵଷ = ተ 

𝑆ଷ 𝑆ଶ 𝑆ଵ 𝑆଴

𝑆ସ 𝑆ଷ 𝑆ଶ 𝑆ଵ

𝑆ହ 𝑆ସ 𝑆ଷ 𝑆ଶ

𝑆଻ 𝑆଺ 𝑆ହ 𝑆ସ

 ተ 𝑊ଵସ = ተ 

𝑆ଷ 𝑆ଶ 𝑆ଵ 𝑆଴

𝑆ସ 𝑆ଷ 𝑆ଶ 𝑆ଵ

𝑆଺ 𝑆ହ 𝑆ସ 𝑆ଷ

𝑆଻ 𝑆଺ 𝑆ହ 𝑆ସ

 ተ 𝑊ଵହ = ተ 

𝑆ଷ 𝑆ଶ 𝑆ଵ 𝑆଴

𝑆ହ 𝑆ସ 𝑆ଷ 𝑆ଶ

𝑆଺ 𝑆ହ 𝑆ସ 𝑆ଷ

𝑆଻ 𝑆଺ 𝑆ହ 𝑆ସ

 ተ 



Chen Shuwen’s Notebooks (Part I, 1st Edition) 

47 
 

𝑊ଵ଺ = ተ 

𝑆ସ 𝑆ଷ 𝑆ଶ 𝑆ଵ

𝑆ହ 𝑆ସ 𝑆ଷ 𝑆ଶ

𝑆଺ 𝑆ହ 𝑆ସ 𝑆ଷ

𝑆଻ 𝑆଺ 𝑆ହ 𝑆ସ

 ተ 𝑊ଵ଻ = ተ 

𝑆ସ 𝑆ଷ 𝑆ଶ 𝑆ଵ

𝑆ହ 𝑆ସ 𝑆ଷ 𝑆ଶ

𝑆଺ 𝑆ହ 𝑆ସ 𝑆ଷ

𝑆଼ 𝑆଻ 𝑆଺ 𝑆ହ

 ተ 𝑊ଵ଼ = ተ 

𝑆ସ 𝑆ଷ 𝑆ଶ 𝑆ଵ

𝑆ହ 𝑆ସ 𝑆ଷ 𝑆ଶ

𝑆଻ 𝑆଺ 𝑆ହ 𝑆ସ

𝑆଼ 𝑆଻ 𝑆଺ 𝑆ହ

 ተ 𝑊ଵଽ = ተ 

𝑆ସ 𝑆ଷ 𝑆ଶ 𝑆ଵ

𝑆଺ 𝑆ହ 𝑆ସ 𝑆ଷ

𝑆଻ 𝑆଺ 𝑆ହ 𝑆ସ

𝑆଼ 𝑆଻ 𝑆଺ 𝑆ହ

 ተ 

𝑊ଶ଴ = ተ 

𝑆ହ 𝑆ସ 𝑆ଷ 𝑆ଶ

𝑆଺ 𝑆ହ 𝑆ସ 𝑆ଷ

𝑆଻ 𝑆଺ 𝑆ହ 𝑆ସ

𝑆଼ 𝑆଻ 𝑆଺ 𝑆ହ

 ተ 𝑊ଶଵ = ተ 

𝑆ହ 𝑆ସ 𝑆ଷ 𝑆ଶ

𝑆଺ 𝑆ହ 𝑆ସ 𝑆ଷ

𝑆଻ 𝑆଺ 𝑆ହ 𝑆ସ

𝑆ଽ 𝑆଼ 𝑆଻ 𝑆଺

 ተ 𝑊ଶଶ = ተ 

𝑆ହ 𝑆ସ 𝑆ଷ 𝑆ଶ

𝑆଺ 𝑆ହ 𝑆ସ 𝑆ଷ

𝑆଼ 𝑆଻ 𝑆଺ 𝑆ହ

𝑆ଽ 𝑆଼ 𝑆଻ 𝑆଺

 ተ 𝑊ଶଷ = ተ 

𝑆ହ 𝑆ସ 𝑆ଷ 𝑆ଶ

𝑆଻ 𝑆଺ 𝑆ହ 𝑆ସ

𝑆଼ 𝑆଻ 𝑆଺ 𝑆ହ

𝑆ଽ 𝑆଼ 𝑆଻ 𝑆଺

 ተ 

Then 

𝑊଼/𝑊ଵ଺ = 1/(𝑎ଵ
ଶ𝑎ଶ

ଶ𝑎ଷ
ଶ𝑎ସ

ଶ) 

𝑊ଽ/𝑊ଵ଺ = (𝑎ଵ + 𝑎ଶ + 𝑎ଷ + 𝑎ସ)/(𝑎ଵ
ଶ𝑎ଶ

ଶ𝑎ଷ
ଶ𝑎ସ

ଶ) 

𝑊ଵ଴/𝑊ଵ଺ = (𝑎ଵ𝑎ଶ + 𝑎ଵ𝑎ଷ + 𝑎ଶ𝑎ଷ + 𝑎ଵ𝑎ସ + 𝑎ଶ𝑎ସ + 𝑎ଷ𝑎ସ)/(𝑎ଵ
ଶ𝑎ଶ

ଶ𝑎ଷ
ଶ𝑎ସ

ଶ) 

𝑊ଵଵ/𝑊ଵ଺ = (𝑎ଵ𝑎ଶ𝑎ଷ + 𝑎ଵ𝑎ଶ𝑎ସ + 𝑎ଵ𝑎ଷ𝑎ସ + 𝑎ଶ𝑎ଷ𝑎ସ)/(𝑎ଵ
ଶ𝑎ଶ

ଶ𝑎ଷ
ଶ𝑎ସ

ଶ) 

𝑊ଵଶ/𝑊ଵ଺ = 1/(𝑎ଵ𝑎ଶ𝑎ଷ𝑎ସ) 

𝑊ଵଷ/𝑊ଵ଺ = (𝑎ଵ + 𝑎ଶ + 𝑎ଷ + 𝑎ସ)/(𝑎ଵ𝑎ଶ𝑎ଷ𝑎ସ) 

𝑊ଵସ/𝑊ଵ଺ = (𝑎ଵ𝑎ଶ + 𝑎ଵ𝑎ଷ + 𝑎ଶ𝑎ଷ + 𝑎ଵ𝑎ସ + 𝑎ଶ𝑎ସ + 𝑎ଷ𝑎ସ)/(𝑎ଵ𝑎ଶ𝑎ଷ𝑎ସ) 

𝑊ଵହ/𝑊ଵ଺ = (𝑎ଵ𝑎ଶ𝑎ଷ + 𝑎ଵ𝑎ଶ𝑎ସ + 𝑎ଵ𝑎ଷ𝑎ସ + 𝑎ଶ𝑎ଷ𝑎ସ)/(𝑎ଵ𝑎ଶ𝑎ଷ𝑎ସ) 

𝑊ଵ଺ = (𝑎ଵ − 𝑏ଵ)(𝑎ଶ − 𝑏ଵ)(𝑎ଷ − 𝑏ଵ)(𝑎ସ − 𝑏ଵ)(𝑎ଵ − 𝑏ଶ)(𝑎ଶ − 𝑏ଶ)(𝑎ଷ − 𝑏ଶ)(𝑎ସ − 𝑏ଶ)(𝑎ଵ − 𝑏ଷ)(𝑎ଶ − 𝑏ଷ)(𝑎ଷ

− 𝑏ଷ)(𝑎ସ − 𝑏ଷ)(𝑎ଵ − 𝑏ସ)(𝑎ଶ − 𝑏ସ)(𝑎ଷ − 𝑏ସ)(𝑎ସ − 𝑏ସ) 

𝑊ଵ଻/𝑊ଵ଺ = 𝑎ଵ + 𝑎ଶ + 𝑎ଷ + 𝑎ସ 

𝑊ଵ଼/𝑊ଵ଺ = 𝑎ଵ𝑎ଶ + 𝑎ଵ𝑎ଷ + 𝑎ଶ𝑎ଷ + 𝑎ଵ𝑎ସ + 𝑎ଶ𝑎ସ + 𝑎ଷ𝑎ସ 

𝑊ଵଽ/𝑊ଵ଺ = 𝑎ଵ𝑎ଶ𝑎ଷ + 𝑎ଵ𝑎ଶ𝑎ସ + 𝑎ଵ𝑎ଷ𝑎ସ + 𝑎ଶ𝑎ଷ𝑎ସ 

𝑊ଶ଴/𝑊ଵ଺ = 𝑎ଵ𝑎ଶ𝑎ଷ𝑎ସ 

𝑊ଶଵ/𝑊ଵ଺ = 𝑎ଵ𝑎ଶ𝑎ଷ𝑎ସ(𝑎ଵ + 𝑎ଶ + 𝑎ଷ + 𝑎ସ) 

𝑊ଶଶ/𝑊ଵ଺ = 𝑎ଵ𝑎ଶ𝑎ଷ𝑎ସ(𝑎ଵ𝑎ଶ + 𝑎ଵ𝑎ଷ + 𝑎ଶ𝑎ଷ + 𝑎ଵ𝑎ସ + 𝑎ଶ𝑎ସ + 𝑎ଷ𝑎ସ) 

𝑊ଶଷ/𝑊ଵ଺ = 𝑎ଵ𝑎ଶ𝑎ଷ𝑎ସ(𝑎ଵ𝑎ଶ𝑎ଷ + 𝑎ଵ𝑎ଶ𝑎ସ + 𝑎ଵ𝑎ଷ𝑎ସ + 𝑎ଶ𝑎ଷ𝑎ସ) 

 

Identities 3.13. ( The generalization of the Girard-Newton Identities, Chen Shuwen, 1997, 2019) 

Assume 

0 ≤ 𝑛 ≤ 𝑚 

Let 

ቐ 

𝑅௞ = 𝑎ଵ
௞ + 𝑎ଶ

௞ + ⋯ + 𝑎௡
௞ − (𝑏ଵ

௞ + 𝑏ଶ
௞ + ⋯ + 𝑏௠

௞ ),      for 𝑘 ≠ 0

𝑅଴ = −
𝑏ଵ𝑏ଶ … 𝑏௠

𝑎ଵ𝑎ଶ … 𝑎௡

 

and 

⎩
⎪⎪
⎨

⎪⎪
⎧

 

𝑇ଵ = 𝑅ଵ

𝑇௞ = (𝑅௞ + 𝑇ଵ𝑅௞ିଵ + 𝑇ଶ𝑅௞ିଶ + ⋯ + 𝑇௞ିଵ𝑅ଵ)/𝑘,      for 𝑘 > 1

𝑇଴ = 𝑅଴

𝑇 ଵ = 𝑅଴𝑅ିଵ

𝑇௞ = (𝑅଴𝑅௞ + 𝑇 ଵ𝑅௞ାଵ + 𝑇 ଶ𝑅௞ାଶ + ⋯ + 𝑇௞ାଵ𝑅ିଵ)/(−𝑘),      for 𝑘 < −1

 

and 
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⎩
⎪
⎨

⎪
⎧

 

𝑆௞ = (−1)௠ି௡𝑇௞ି௠ା௡ ,                  for 𝑘 ≤ −1 

𝑆଴ = 1 + (−1)௠ି௡𝑇௡ି௠

𝑆௞ = 𝑇௞ + (−1)௠ି௡𝑇௞ି௠ା௡ ,        for 1 ≤ 𝑘 ≤ 𝑚 − 𝑛

𝑆௞ = 𝑇௞  ,                                             for 𝑘 ≥ 𝑚 − 𝑛 + 1

 

and 

ቊ 
𝑈଴,௞ = 1

𝑈ଵ,௞ = 𝑆௞

 

and for 2 ≤ ℎ ≤ 𝑛 and 1 ≤ 𝑡 ≤ ℎ − 2 

⎩
⎪
⎪
⎨

⎪
⎪
⎧

 

𝑈௛,௛௞ =
𝑈௛ିଵ,(௛ିଵ)௞

ଶ − 𝑈௛ିଵ,(௛ିଵ)(௞ିଵ)𝑈௛ିଵ,(௛ିଵ)(௞ାଵ)

𝑈௛ିଶ,(௛ିଶ)௞

𝑈௛,௛௞ା௧ =
𝑈௛ିଵ,(௛ିଵ)(௞ାଵ)𝑈௛ିଵ,(௛ିଵ)௞ା௧ିଵ − 𝑈௛ିଵ,(௛ିଵ)(௞ାଶ)𝑈௛ିଵ,(௛ିଵ)௞ି௛ା௧

𝑈௛ିଶ,(௛ିଶ)(௞ାଵ)

+
𝑈௛,௛௞𝑈௛ିଶ,(௛ିଶ)(௞ାଵ)ା௧

𝑈௛ିଶ,(௛ିଶ)(௞ାଵ)

𝑈௛,௛௞ା௛ିଵ =
𝑈௛ିଵ,(௛ିଵ)(௞ାଵ)𝑈௛ିଵ,(௛ିଵ)௞ା௛ିଶ − 𝑈௛ିଵ,(௛ିଵ)(௞ାଶ)𝑈௛ିଵ,(௛ିଵ)௞ିଵ

𝑈௛ିଶ,(௛ିଶ)(௞ାଵ)

 

and denote 

𝑊௡௞ା௧ ≔ 𝑈௡,௡௞ା௧    (or 𝑊௧ ≔ 𝑈௡,௧) 

then for any 𝑘, we have 

(1) When 𝑛 = 0 

𝑆௞ = 0 

(2) When 0 < 𝑛 ≤ 𝑚 

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧

 

𝑊௡௠ = ෑ ෑ (𝑎௜−𝑏௝)
௠

௝ୀଵ

௡

௜ୀଵ

𝑊௡௞ାଵ

𝑊௡௞
= 𝑎ଵ + 𝑎ଶ + ⋯ + 𝑎௡ 

𝑊௡௞ାଶ

𝑊௡௞
= 𝑎ଵ𝑎ଶ + 𝑎ଵ𝑎ଷ + ⋯ + 𝑎௡ିଵ𝑎௡ 

𝑊௡௞ାଷ

𝑊௡௞
= 𝑎ଵ𝑎ଶ𝑎ଷ + 𝑎ଵ𝑎ଶ𝑎ସ + ⋯ + 𝑎௡ିଶ𝑎௡ିଵ𝑎௡

 … …
𝑊௡௞ା௡

𝑊௡௞
= 𝑎ଵ𝑎ଶ𝑎ଷ … 𝑎௡

 

Remark. Identities 3.13 and Identities 3.12 are equivalent. Identities 3.12 looks more simple, but need to calculate 

determinants. Identities 3.13 is much more useful for searching the integer solutions of the Prouhet-Tarry-Escott 

Problem by using computers. This will be discussed in Chapter 5. 

 

 

Chapter 4. The Generalization of Ramanujan Identity  

To be completed. For some previous result, please see my below site.  

http://eslpower.org/Identity.htm 

Chapter 5. The Generalization of the Prouhet-Tarry-Escott Problem 

To be completed. For plenty previous result, please see my below site.  

http://eslpower.org 

http://eslpower.org/eslp.htm 

http://eslpower.org/TarryPrb.htm 


