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Chapter 1

The Generalization of Ramanujan nested radicals

Theorem 1.1. (Chen Shuwen, 2021/7/25)
Let p; be odd primes, k; be positive integers. Then
(1) for any integer h > 1,

" opi—1 k-1 h
2 ; .
Z(Htﬁizpl ) _1=zo0 modl |p;“
i=1

(2) for p; = +1(mod 8),

2(1017—11,51—1) — 1= 0(mod pfl)

(3) for p; = +3(mod 8),

p1—1 kq-1

207770 ) 41 = 0(mod pi)

Example 1.1.

G (RS LSNP

—1 = 0(mod(7 * 19° x 10312))

2201841 _ 1 = 0(mod(37 * 83))
2817 — 1 = 0(mod(17%))

237 — 1= 0(mod(7%))

2%°19 + 1 = 0(mod(19?))

226 + 1 = 0(mod(53))

226*53° 1 1 = 0(mod(534))

Theorem 1.2. (Chen Shuwen, 2021/7 /22, proved by using Theorem 1.1)

For any rational number % both sin(rrln—n) and cos(%) can be represented as cyclic infinite nested square

roots of 2, of which the cyclic period is less than mT_l

Example 1.2.

2 sin (%) = |2- \/2 + ’2 + 2sin (%) (Ramanujan)
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2 cos (l) = 2+ |2+ |2— \/2 — |2—2cos (1) (Sivakumar Krishnamoorthi)
11 11

Example 1.3. (Chen Shuwen, July 2021)
2c0s0 = V2 + 2cos0

2 1n I PR 1n

cos 3 = cos 3
2 1n = |y 2_2 1n
cos 5 = + cos s

2cost= |24 [2— |2—2cosZ
COS7— + COS7

T
2cos§= 2+ 24+ [2—2cos—

i

2 - 2 2+ |2 2 2+ /2 2 "
cosﬁ— - - - cosﬁ

2+

2 T
cos T =
j2+

2
1 \/
2 T 2
cosl7—

2 /2 2 "
cos15

+
+
+

2 || e || =

2+ /2 2 "
cos17

T
2cos—= |2+ |2+ (2+

19

=
=
-

’ T
- 2+ 2—\/2—\]2— 2—2cosE

b4
2cos—= |2+ |2+

2+
21

2 2+’2 2 z
cos21

g;

=
-
g



http://eslpower.org/Notebook.htm

2 cos— =
C0523—

25

2 cos— =
C0527—

2 T
c0529—

2cos— =
COS31

2 T
cos33—

2 cos— =
COS35—

24 24 2+ 2= |2- 2J2+ 2 2+J2— /2—2cos2”—3

24+ 24+ 12+ |12— [2- |2—

+ 2+/2 2 cos—
COSZS

27

j 2
Fr

24+ 2+ 2+ |2- 2j2+
A A

s
24+ 12+ |2+ |2— 2\l2+J2+ 2— 124 12— |2— 2—\]2+ ’Z—ZCOSE

[ i
24+ |2+ |24+ [2— |2—2c0os—
\] cos =7

s
24+ 2+ |2+ /2+ /2— —
COS33

24 2+ |2+ 2+J2 2+ |24 [2- [2- z—Jz— /2—2605%

T
2cos—= |2+ |2+

37

T
24 24+ 12— 12+ |2— |2— |2+ |24+ 12— |2— 12— [2— |2+ |2— |2+ }Z—ZCOSE
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T f T
2cos§— 24 2+ 124+ 124 |2— 2+J2 - |24+ |2 - —2cos§
NN N N NN

41

_JZ_
2+ |2+ ,2 2 =
cos =

b3
2cos—= |2+ |2+ |2+ |2+ |2— 2+\/2

T , T
2cosE= 24 124+ 24+ 24+ (2— |2-— 2—2COSE

NV N
2”—2+2+2+2+2222+222+/227r
COS45— COS4‘5

NN NN \

s
2c0s—= 24 12+ |2+ |2+ |2—- [2—- [2—- |2-
47

T
2c0s—= |24+ |12+ 12+ 12+ |2—[2— 12— |2—
49 |

Example 1.4. (Chen Shuwen, July 2021)

T T

ZCOSE— 24+ 124+ (12— |2— |2+ ’Z—ZCOSE
NN

21 21

2COSE— 24+ 12— 12— |12+ [2— ,2+2cosﬁ
NN

T 21
2sin— = |2 — 2cos—
13 13
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i3 i3
2cos— = |2+ 2cos—

26 13

i I3
2cos— = |2+ |2+ 2cos—

52 13

2cos— \/2+\]2+ ’2+2cos£
13
2— |2+ ’2+2cos—

j 2+ ’2+2cos—

ZSm—

251n— \/2 — \j
27w T
251n\/2\/2\/2 2+ 2cos—
13
771 T
251n\/2+\/2\/2 ’2+2cos—
208 13

791 T
2sin— = |2 + 2+\/2— ’2+2cos—
208 13

Example 1.5. (Chen Shuwen, July 2021)

T ’ T
2cosE= 24+ 124+ 2+ 12— |12+ (2-— 2—\]2— 2—2cosE

2n 2n

2cosE= 24+ 124+ 12— 12+ [2— |2— 2—’2+2c05§
NN N N NN

3n 3n

2cosE= 24+ 12— 12— 12— 12— 12+ |2+ 2+’2—2cos§
NN N N NN
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2 4
cos 19

) 5w
cos 9

) 61t_
COS19_

2 7
cos 19

) 81t_
COS19_

) 91t_
COS19_

2+ |24+ 2cos —

2— |24 12+ |2+ |2-

2— |2—2cos —

2— |24+ 2cos—

[\®)
[
[\®)
[
[\®)
+
[\®)
+
[\®)
+
[
2 2 % 2 2 2
+
[y} [\®)
+ [
[y} [\®)
(@] (@]
2 a
= o = oo - =] = ol [ENINS
ol 3 o|=1 o|=| ol ol 3 ol 3

2— |2—2cos —

Example 1.6. (Chen Shuwen, August 2021)

3551

2 cos =

113

2008 peeay =

' T
| | | :
' |
]
| | | 3557
2— 124 12— Z—JZ-I- |2+\J2+ Z—JZ-I- 24+ (24 [2—2cos 113

— 24 |2-
A R R I
s
24+ 24 124 24+ |24+ |12+ 24+ 2+ |2+ |2+ |2+ 2+ |2+ 2+\[2+ 2—2cos65537
\ \




http://eslpower.org/Notebook.htm

2
LUS17u

=24 |2+ [24+ |2+ |2+ |24+ |2+ |2+ 24+ |2— 2= 24+ |2— 12— |2— |2+ |24+ |2+ 12— [2+ |2— |2+ |2+ |2— |2— [2+ |2— [2—

2— |2—
\ v N N N v v ﬁﬁj\l

2+

24 24 2+ |2+ [2-2
| J €08 1729

2 —
oS ga1

2+ 2—- 12+ [2-

T

! }i | . | o

LTI

k+ 2 §z+|2— 24 2+ 2—i2+‘z+ z+!2—jz— z+i2—|2+z+i2+jz+ 2+ |2+ [2-2co5—
T 0 0 0 8 O 8 8 8 O O 8 o B S S

Identities 1.1. (Chen Shuwen, 2021/8/5)

=2+ 2+ 2+ 2+ 2+ 2+ |2+

-

1+0(1+1(1+2(1+3|1+4|1+5|1+6(1+7 1+8\/1+9/1+10\/1+---=1

vy v v NN N

1+11+211+3|1+4|1+5 1+6\/1+7 1+8\/1+9’1+10v1+---=2

1+211+3(1+4 1+5j1+6 1+7\/1+8 1+9 1+10v1+--=3 (Ramanujan)

1+31+41+5 1+6\/1+7 1+8 1+9v1+10v1l+--=4

1+4|1+5|1+6 1+7\/1+8 1+9 1+10v1+ =5
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Identities 1.2. (Chen Shuwen, 2021/8/5)

3 3

3 3 3
342%x344+3%x4 |54+4x%5 6+5x6\/7+6x7\/8+7x83\/9+---=

1+40x1 |2+1x%x2
\ \ \
3 3 5 , i 3
241%x2 |134+42%x3|443%x4 |5+44%X5 [6+5X%6 7+6><7J8+7x83\/9+---=
\ \
3 3
3 3
3+42%x3|44+3%x4 |54+4x%5 6+5x6j7+6x7J8+7x83V9+---=
\ \

3

3
4+3x4 5+4X5\/6+5><6 7+6><7\/8+7><83\/9+---=

5+4x5 6+5X6\/7+6X7 8+7><8v9+

Reference 1.1.
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Chapter 2

The Generalization of Euler's formula

Formula 2.1. (Chen Shuwen, 2021/7/28)

n
kim
Z eV 4120
k=1

(n isoddintegerand n>1)

Example 2.1. (Chen Shuwen, 2021/7/28)

1im

e1+1=0 (Euler)

1lim 2im 3im

e3 +e 3 +e3 +1=0

1lim 2im 3im 4im 5im

e5 +e 5 +es5 +e 5 +es5 +1=0

lim 2im 3im 4im 5im 6im 7im

e7 +e 7 +e7 +e 7 +e7 +e 7 +e7 +1=0

lim 2im 3im 4im 5im 6im 7im 8im 9im

e9 +e 9 +e9 +e 9 +e9 +e 9 +e 9 +e 9 +e 9 +1=0

in _2im 3in _4in 5im _bim 7in _8im gin _1oin 1lin
ell+e 11 +el1l +e 11 +el1l +e 11 +e11 +e 11 +e1l +e 11 +e 11 +1 =0

Formula 2.1.1. (Simplification of Formula 2.1. Chen Shuwen, 2021/7/28)

n—1

_p)yk+1 Kim
Ze(l)Hn =0

k=1

(n isoddintegerand n = 3)

Example 2.1.1

lin _2im 3in _4im sim _s6im
e7 +e 7 +e7 +e 7 +e7 +e 7 =0

lin _2im 3in _4im sim _s6im 7in _8im
e9 +e 9 +e9 +e 9 +e 9 +e 9 +e9 +e 9 =0

im  _2im  3im  _4im  Sim  _6in  7in  _8im  9im  _10im
ell4+e 11 +e11 +e 11 +e11 +e 11 +e11 4+ e 11 +e11 +e 11 =0

10
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Formula 2.2. (Chen Shuwen, 2021/7/6)

n

_k+1ﬂ=
(-D*le™m =0

k=1

(n isodd integerand n = 3)

Example 2.2. (Chen Shuwen, 2021/7/6)

i 2im 3im

e3 —e3 +e3 =0

im 2in 3in 4in Sim
es5 —e5 +es5 —e5 +e5 =0

im  2im 3im 4in  Sim 6im  7im
e7 —e7 +e7 —e7 +e7 —e7 +e7 =0
i 2im 3im 4im 5im 6iT 7im 8im 9im

€9 —e 9 +e9 —e 9 +e9 —e9 +e9 —e 9 +e 9 =0

it 2im 3im  4im  Sim 6im  7im  Bim  9im  10im  1lin
ell —el1l1 +e11 —el1l +e11 —el1l +e11 —el1l +e11 —e 11 +e 11 =0

Formula 2.2.1. (Simplification of Formula 2.2. Chen Shuwen, 2021/7/6)
n-1
kin
Z(_l)k+1e n =1
k=1
(n isoddintegerand n = 3)

Example 2.2.1
i 2im

e3 —e3 =1

i 2im 3im 4im

e5 —e5 +e5 —es5 =1

Formula 2.3. (Euler, Infinite analysis Introduction)

n
5-1

cosz + Z(—l)k (cos(%ﬂ +2z) + cos(% —-2))=0
k=1

(n isoddinteger and n > 3, z isreal number.)
[t is equivalent to

n—-1

2(—1)" cos(k—n +2z)=0
k=0 "

11
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Example 2.3. (Euler)

cosz—cos(z+z> +cos<2—n+z> =0
3 3 B
(n+ >+ <2n+ ) (3n+ )+ (4n+ )—0
COS Z — COoS z z cos z z cos z z cos z z|=
(n+ )+ <2n+ ) (3n+ )+ (4n+ ) <5n+ >+ (
COS Z — COoS = z cos - z cos = z cos - z cos - z cos
Example 2.3.1 (z = 0)
1 1
ws(3) =3
(§)+eos(3) =3
COoS CosS 5 = 2
(1n) + (3n) 4 (57r) _ 1
CoSs 7 Cos 7 Ccos 7 = 2
(1n) + (3n) 4 (57r) 4 (7n) _ 1
CosS 9 Cos 9 Cos 9 CosS 9 = 2
(1n) + (3n) 4 (57r) 4 (7n) + (9n) _ 1
CoS 1 Cos 1 Ccos 11 CoS 11 Cos 11 = 2
(1n) + (3n) 4 (57r) 4 (7n) + (9n) 4 (117r) _ 1
CoS 1 Cos 1 Ccos 1 COoS 13 Cos 13 Ccos 13 = 2

Formula 2.4. (Chen Shuwen, 2021/7/7)

nz_:l(—l)" (cos(kn—n + Z))hL =0
k=0

(n isoddintegerand n = 3, z isrealnumber. h=1,3,..,n—2 )

Example 2.4.1 (Chen Shuwen, July 2021)

i 3 5t (V714 21 41 61
cos!? (7 + z) + cos! (7 + Z) + cos?! (7 + z) = cos?! ( + Z) + cos?! (7 + z) + cos? (7 + z) + cos? (7 +

7

i 3 5t 0 21
cos3 (7 + z) + cos? (7 + z) + cos? (7 + Z) = cos? (7 + z) + cos? (7 + z) + cos® (

61t+
7 z

i 3 5t 0 21 41
cos® ( + z) + cos® ( + z) + cos® ( + Z) = cos® (7+ z) + cos® (7+ z) + cos® (7 + z) + cos®

7 7 7

Example 2.4.2 (Chen Shuwen, July 2021)

1 (17r) + 1 (37r) + 1 (57r) _ 1 (On) + 1 (Zn) + 1 (47r) + 1 (67r) _ 1
cos 7 cos 7 cos - )= cos 7 cos 7 cos 7 cos =3

3 (17r) + 3 (37r) 4 3 (57r) _ 3 (On) 4 3 (Zn) + 3 (47r) + 3 (67r
Ccos 7 Cos 7 CoS 7 = COS 7 Cos 7 Cos 7 CoSs 7

(F) st (F) oot () = ot (7) o5 () 05t (7)ot (7
cos 7 cos 7 Ccos 7 = Cos 7 cos 7 cos 7 cos 7

o

12

)=0
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Example 2.4.3 (Chen Shuwen, July 2021)

cos( )1+cos( )1+cos( )1+cos( )1+COS( )1—cos( )1+cos( 1+cos(§ 1+cos( )1

cos( )3+Cos( )3+cos( T8 + co s( )3 ( )3 Cos(i 3+Cos( )3+cos( ( )3

21 8m
cos( )5+Cos( + cos (== +cos( )5+cos( )5 c:os(2 5+Cos( +cos(2 5+cos( )5

5 5 5
27) 27) 27)

2m
cos( )7+Cos( )7+cos( 7+cos( )7+cos( )7=Cos(2 7+COS( )7+cos( 7+cos( )7

Example 2.4.4 (Chen Shuwen, July 2021)
sin (571) + sin (24) + sin (54) + sin (151—471) + sin* (153—47T) + sin (1574 ) + sin¥ (%) + sin® (253—47T) + sin (2554 )

o (211) + (411) + (811) + (1011) + sin® (1411) + sin® (1611) + (2011) + (2211) + sin® (2611)
=sin®{z sin =2 sin 0 sin 2 sin 2 sin =2 sin 2 sin 2 sin

(k=24,6810,12,14,16)

Example 2.4.5 (Chen Shuwen, 2021/7/4)

Orrk+ 2n"+ 2n'k+ 4n"+ 4n'k+ 67tk+ 6nk+ 87tk+ 8nk+ 10nk+ 10 *
(cosll) (cosll) (cosll) (cosll) (cosll) (cosll) (cosll) (cosll) (cosll) (cos 11) (cos 11)

_ 17rk+ 1nk+ 3nk+ 37rk+ 5nk+ 57rk+ 7nk+ 77rk+ 9nk+ 97rk+ 11m *
= (cosll) (cos 11) (cos 11) (cos 11) (cos 11) (cos 11) (cos 11) (cos 11) (cos 11) (cos 11) (cos 11 )

(k=1,2,3,4,5,6,7,89,10)

Example 2.4.6 (Chen Shuwen, 2021/7/4)

{ao, a1,a;, a3, a4, as, ag, az, ag, as, ao}
= {cos? ) cos (22) cos (22) cos (22) cos (22) cos (22) cos (22) cos (22) cos (22) cos (22) cosz( )}
{bo, b1, bz, b3, by, bs, be, b7, bg, by, b1}
= {cos? (O—H), cos? (Z—H), cosz(z—n), c052(4—n), c052(4—n), cos? (6—n), cos? (6—n), cos? (8—n), c052(8—n), cosz(lo—n), cos? (10—”)}
22 22 22 22 22 22 22 22 22 22 22
ak + ak + ak + ak + ak + af + af + af + af + ak + a¥y = b* + b* + b,* + b3* + b + bs* + bg* + b,* + bg" + b* + by *

(k=1,2,3,4,5,6,7,8,9,10)

Example 2.4.7 (Chen Shuwen, 2021/7/7)

{ap, a1, a3, a3, a4, as, ag, az, ag, ag, aso}

T 7 o 157 17 23w 25m 31w 33w 397 411
—{sm( )sn( )sn2< )sin2<—>,sn< ) n( ) n( ) in( ) in( ) in( ) sin® (—)}

88 88 88 88 88 88 88 88 88 88 88
{bO' blr bZr b3r b4' bS' b6r b7r b8r b9' blO}

3 _ (5T (11r 13m (197 21w 27T 291 35w 37m 431
= {sin® ( ) sin® (—),sinZ (—),sin2 (—),sinZ (—),sm ( ) sin ( ) sin’ ( ) sin® ( ) sin’ ( ) sin’ (—)}

88 88 88 88 88 88 88 88 88 88 88

ak + af + a¥ + ak + af + a¥ + af + a¥ + af + ak + ak,

= bk + Y + % + bE + bE + b + bE + b + b + b + bY,
(k= 1,2,3,4,5,6,7,8,9,10)

13
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Example 2.4.8 (Chen Shuwen, July 2021)

_51'[1+ _771:1+_13711_ _111+ _37'[1+ 91+ 11w,
(sm28) (sm28 (sin 28) —(511128) (sm2 (sin (sin 8)

34+ n—)3 (m )3+(sm )3+(sm9

7
3
(sm ) + (sin-= 8

3 r
o8 + (sin 8)

5+ (sin 7-[)5 = (sinl)5 + (sm )5 + (sm9
28 28

7
5
(sm ) + (sin-= 8

5 m
8 + (sin 8)

(sini)2 + (sm )2 + (51119 2 4 (sin T[)Z = (sing—ﬂ: 24 (sin5—ﬂ)2 + (sinll—ﬂ:)2 + (sin13—T[)2
32 32 327 32 32 32 32

4y 157 b 37T+_5T[4+_11TL'4+_13T[4
(sm ) (sin (sin 32) (sin 32) (sin 32)

(Sin ) + (sin ) + (sin o)
Sin 32 Sin 32 Slrl 32

32

3 11m 13w
6+ (si n—)6 = (sin=2)® + (sm )6 + (sing)e‘ + (sinﬁ)6

(sin i)6 + (sm )6 + (sino= on
32 32

32

Sm
(sin—

4 sin o)t + (sin g ! + (sin g
36 Slrl Sin 6 Sln36

T+ (sm )1 + (sinl?’—ﬂ)1 + (sinls—ﬂ:)1 = (sm )1 + (sm3
36 367 36

36

7
(sm )3 + (sin—

3+ (sin T[)3 + (sinls—ﬂ:)3 = (sinl)3 + (sm )3 + (sm9 3+ (sin T[)3 + (sinl7—ﬂ:)3
36 36 367 V36 36 36

36

5 7T 5+ 1'[5+ 15w o 1'[5+ 5 o 5+ 1'[5+ 17w
(sm ) (sm (sin 6) (sin 36) —(sm36) (sm ) (sm (sin 6) (sin 36)

7
(sm )7 + (sin

3m 91
367+(sn 6)7+(s )7 (m )7+(sm )7+(sm

7 4+ (sin T[)7 + (sin17—ﬂ)7
36 36 36

Example 2.4.9 (Chen Shuwen, August 2021)

(T ) 90m ) 921
{ ag, a1, a3, a3, a4, as, ag, az, ag, ag, A1g, Ay, A1z, A3, A4, A5, A16) A17, Arg § = { SN (—1729)'5 n? 1729 sin? 1729/

(1817r) ) (18311) ) (2727r) ) (27411) ) (3637r) ) (36511) ) (45411) ) (4567r)

S\ 1729) 510" \1729) 10" \1729) 510" \1729) 10" \1729) 510" \1729) 510" \1729) 510" \1729 )
(54511) ) (5477r) ) (63611) ) (6387r) ) (72711) o (7297r) ) (81811) ) (8207r)

sin“(1729) 50" \1729) 5 (1729) 1" 1729 51" \1729) 51 (1729 51" \1729) 5™ (1729) }

bos b1, by, bs, by, bs, b, b7, b, b, bro, b, biz, bus, bs, bis, bue, by, brg } = { cos? (o) 2(5525) 2(5235)
{ 0, D1, D2, D3, Dy, Os, D¢, D7, Dg, Dg, D19, D11, D12, 013, D14, D15, D16, D17, 13}—{C05 1729 , COS 1729 , COS 1729)"

(18111) (1837r) (2727r) (27411) (36311) (36511) (4547r) (4567r)
€05"\1729/7°% \1729)" °* \1729)<°% \1729)" % \1729)" “°® \1729)" <°* \1729) <°* \1729/)
(5457r) (54711) (63611) (6387r) (7277r) (7297r) (81811) (82011)
c0s” {1729/ €5 \1729) 5" \1729) €° (1729 <°5" \1729) 5" 1729 €°" \1729) 5" \1729)
ak +a¥f + ak + ak + af + a¥ + ak + a¥ + af + ak + a¥, + a¥, + a¥, + aky + af, + a¥s + afy + ak, + aky

= bl + bY + b + bE + b + bE 4+ bE+ b5 + bE + bE + bYy + B + b5, + bYs + BY, + b + Y + BYS + b
(k=1,2,3,4,5,6,7,8,9,10,11,12, 13,14, 15,16,17, 18 )

14
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Formula 2.5.1 (Chen Shuwen, 2021/8/12)

For positive integer n

n—-1 n—1 1
1 ! ' 2k —1)! nl" (k +5)
-+ sin2k (ﬂ) =—+ cos?¥ <ﬂ> = n_( Y __ :
2 2n) "~ 2 2n)  22k=1kl(k — 1) ar (k+1)
j=1 j=1

(k=1,2,3,..,2n—1)

Formula 2.5.2 (Chen Shuwen, 2021/8/12)

For positive odd integer n and any z

n-1 n—-1
2 2 1)
§ ] i z : i — rk+5
. 2k . 2k ﬂ_ . 2k ﬂ _ . ok ﬂ _ n(Zk 1)' _ n 2
sin“*(z) + (sm (n z) + sin (n + z)) =2 sin (n) = D)l N
Jj=1 j=1
n—-1 n—1
2 2 1)
j j i — rk+5
2k E 2k (M _ 2k (T _ E W nRk-1) 7 >
cos**(z) + (cos (n z)+cos (n +z>>— 1+2 cos (n) _22k‘1k!(k—1)! _\/EI“ TR
j=1 j=1

(k=1,2,3,..,n—1)

Formula 2.5.3 (Chen Shuwen, 2021/8/12)

For positive odd integer n and any z

n—1 n—1
2 2
2mj 2mj 2mj
cosk(2) + (cosk (—] - z) + cosk (—] + z)) =1+2 cosk (—]>
: n n : n
j=1 j=1

(k=1,2,34,...,.n—-2,n—1,n+1,n+3,n+5,..,2n—-2)

[t is equivalent to

n-1 n-1
2 2
2mj 2mj 2mj
cos®(z) + E (cosk (%] - z) + cosk (% + z)) =142 E cosk (%) =0 (k=135,..,n—2)
j=1 j=1
n-1 n-1
j: 2mj 2mj 5: 2mj (k—1)! nF(k+1)
T ) ) n(k — 1! ——
cos®(z) + (cosk (—] - z) + cos* (—] + z)) =142 cosk (—]) = T = k2
, " " . k1 G o NZ VAl G+ 1)
j=1 j=1 2 2 2

(k=2,4,6,..2n—2)

Formula 2.5.4 (Chen Shuwen, 2021/8/12)

For positive even integer n and any z
n

2 1
e (T2 = 1) e (T2 = 1) B e (m2j =D\ n@k-1!  nl(k+t3)
z(sm k(72n —z>+sm k<72n +Z>>—ZZSIH k< o >_22k—1k!(k_1)!_\/Er U+ 1)

j=1 j=1

N3

| 15
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N3

1
w(r@i-1 e (T2 — 1) 3 e (F2j-=1D) _ n@k-1)! (k+3)
(cos (7271 Z | + cos —on +z||=2 cos o = 3-ig k—1)! = 7o Gt D

Jj=1

(k=1,2,3,...,n—1)

~.
I N3
s

Example 2.5.1 (Chen Shuwen, August 2021)

cos?k %} + cosz"(%) + cos2k %) + cos?k iOTg) + cosz"(%) + cosz"(’iOTg) + cos?k iOTg) + cos?k ing) + cosz"(ing) + cos?k i’OTg
= COSZk(%) + COSZk(%) + COSZk(ilTZ) + COSZk(igTZ) + cosZk(ing) + cos”(%) + cosZk(leg) + cosz"(%) + cosz"(%) + cosZk(ngg)
= COSZk(%) + COSZk(%) + COSZk(%) + COSZk(%) + cosz"(%) + cosZk(isTg) + cosZk(jZTg) + cosz"(%) + cosz"(%) + cosZk(jBTg)
= cosz"(%) + cosz"(%) + cos”‘(%) + cosz"(%) + cosz"(%) + cos”‘(%) + cosZk(iBTg) + cosz"(%) + cosz"(%) + cos”‘(%)
= COSZk(%) + COSZk(%) + COSZk(%) + COSZk(%) + cosz"(%) + cos”(%) + cosZk(?Tg) + cosz"(%) + cosz"(%) + cos”‘(%)
= cos?¥ %} + cosz"(%) + cos2k %) + cos?k %} + cosz"(%) + cosZk(iSTg) + cos?k iSTg) + cos?k ’iSTg) + cosz"(iSTg) + cos?k %
(k=1,2,3,4,5,6,7,8,9)

Example 2.5.2 (Chen Shuwen, August 2021)
sin?k (3—7;) + sin?¥ (1—7;) + sin”(i—q) + sin”(i—z[) + sin?k (i—q) + sin?¥ (i—q) + sin?¥ (i—Z) + sin”(i—q) + sin”(i—q) + sin?k (i—q) + sin?* (i—q)

= sinz"((z)—g) + sinz"(;—g) + sin?k (2—7;) + sin?* (;—Z) + sinz"(:—g) + sinz"(g—g) + sinz"(g—g) + sin?k (2—7;) + sin?* (g—g) + sinz"(%) + sinz"(%)

= sinz"(;—g) + sinz"(;—g) + sin?k (2—7;) + sin?* (z—Z) + sinz"(z—g) + sinz"(z—g) + sinz"(z—g) + sin?k (;—Z) + sin?* (Z—Z) + sinz"(z—g) + sinz"(%)

= sin2k(g—;[) + sin”(i—g) + sinZk(z—g) + sinZk(Z—g) + sin2k(2—;[) + sin2k(2—;[) + sin2k(2—§) + sinZk(lgz—BT[) + sinZk(lgz—BT[) + sin2k(135—3n) + sin2k(135—;)

= sin2k(;—;[) + sin”(i—g) + sin“(%) + sinZk(i—g) + sin2k(;—;[) + sin2k(2—;[) + sin”(lg?—;) + sin”(%) + sin2k(133—;) + sin2k(1;—;) + sin2k(136—3n)

= sinz"(Z—Z) + sinz"(:—Z) + sin? (i—Z) + sin?* (Z—Z) + sinz"(i—Z) + sinz"(%) + sinz"(%) + sinz"(%) + sin?* (%) + sin?* (Z%T) + sin?* (%)

i 3 51t Vh/s o7 11 137 157 17 197 21m
— cinlk 12k in2k i 2k 2k in2k 2k 2k i 2k i 2k i 2k
= sin (44)+sm (44)+sm (44)+sm (44)+sm (44)+sm (44)+sm (44)+sm (44)+sm (44)+sm (44)+sm (44)

21 21 61 61 107 107 14mn 14mn 18m 18m 22m
— cinlk 12k i 2k i 2k 2k i 2k i 2k in2k i 2k i 2k in2k
= sin (44)+sm (44)+sm (44)+sm (44)+sm (44)+sm (44)+sm (44)+sm (44)+sm (44)+sm (44)+sm (44)

O 51 51 107 107 157 157 20m 20m 25m 25m
— cin2k ik in2k ik in2k in2k in2k ik ik (ke (n2k
= sin (55)+sm (55)+sm (55)+sm (55)+sm (55)+sm (55)+sm (55)+sm (55)+sm (55)+sm (55)+sm (55)

1m 4m 61 om 11m 14m lé6m 197 21m 24m 26m
= sin”(E) + sin”(E) + sinZk(E) + sinZk(E) + sin2k(¥) + sinZk(E) + sinZk(E) + sinZk(E) + sinZk(E) + sinZk(E) + sin”(i)

2m 3 7m 8m 121 13m 17m 18m 22m 23m 27m
= sin”(E) + sin”(E) + sinZk(E) + sinZk(E) + sin2k(¥) + sinZk(E) + sinZk(E) + sinZk(E) + sinZk(E) + sinZk(E) + sin”(i)

(V4 (4 61 12m 12m 18m 18m 24m 24m 30m 30
— cinlk 12k in2k i 2k in2k in2k i 2k in2k in2k 2k 2k
= sin (66)+sm (66)+sm (66)+sm (66)+sm (66)+sm (66)+sm (66)+sm (66)+sm (66)+sm (66)+sm (66

16
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i 51 Vh/s 11n 137 17n 197 23m 257 297 31n
2k 12k i 2k i 2k i 2k i 2k i 2k 12k in2k 2k 2k
sin (66)+sm (66)+sm (66)+sm (66)+sm (66)+sm (66)+sm (66)+sm (66)+sm (66)+sm (66)+sm (66)

21 41 8 107 14mn 16m 207 22m 26m 28m 32m
2k 12k i 2k i 2k i 2k i 2k i 2k 12k in2k 2k 2k
sin (66)+sm (66)+sm (66)+sm (66)+sm (66)+sm (66)+sm (66)+sm (66)+sm (66)+sm (66)+sm (66)

T
66)

3 3 In In 157 157 21m 21m 271 271 33
2k 12k in2k i 2k 2k i 2k i 2k in2k in2k in2k in2k
sin (66)+sm (66)+sm (66)+sm (66)+sm (66)+sm (66)+sm (66)+sm (66)+sm (66)+sm (66)+sm (

(0}/5 Vi3 Vs 14mn 14mn 21m 21m 28m 281 35m 351
2k i 2k i2k i2k i2k i2k i2k i 2k i 2k i 2k i 2k
sin (77)+sm (77)+sm (77)+sm ( 77)+sm ( 77)+sm ( 77)+sm ( 77)+sm (77)+sm (77)+sm (77)+sm (77)

1 61 8m 13m 157 207 22m 27m 291 341 361
2k i 2k i2k i2k i2k i2k i2k i 2k i 2k i 2k i 2k
sin (77)+sm (77)+sm (77)+sm ( 77)+sm ( 77)+sm ( 77)+sm ( 77)+sm (77)+sm (77)+sm (77)+sm (77)

21 5t I 12m 16m 197 23m 26m 30m 33m 37m
2k i 2k 02k i2k 02k 02k 02k i 2k i 2k i 2k i 2k
sin (77)+sm (77)+sm (77)+sm ( 77)+sm ( 77)+sm ( 77)+sm ( 77)+sm (77)+sm (77)+sm (77)+sm (77)

3 4 107 11m 17m 18m 24m 251 31m 32m 38m
2k i 2k 02k 02k i 2k i 2k L2k L2k i 2k i2k i2k
sin (77)+sm (77)+sm (77)+sm (77)+sm (77)+sm (77)+sm (77)+sm (77)+sm (77)+sm (77)+sm (77)

(V4 8 8 16m 16m 241 241 32n 32m 401 401
2k 12k in2k i 2k in2k i 2k in2k in2k in2k 2k 2k
sin (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)

i 7 In 157 17 23w 251 31r 33r 397 41m
2k 12k in2k i 2k in2k in2k i 2k in2k in2k 2k 2k
sin (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)

21 (4 107 14n 18m 22m 26m 30m 34m 381 42
2k 12k i 2k i 2k 12k 12k 2k 2k 2k i 2k i 2k
sin (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)

3 51 11n 13n 197 21n 27w 2971 357 37m 431
2k 12k in2k in2k 12k 12k 2k 2k 2k i 2k i 2k
sin (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)

4m 4 12m 12m 20m 20m 28m 281 361 361 441
2k in2k i 2k i 2k 12k in2k 2k 2k 2k i 2k i 2k
sin (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (88)+sm (=)

88

(0}/5 I I 18m 18m 27m 27m 36m 36m 451 451
2k i 2k i2k i2k i2k i2k i2k i 2k i 2k i 2k i 2k
sin (99)+sm (99)+sm (99)+sm (99)+sm (99)+sm (99)+sm (99)+sm (99)+sm (99)+sm (99)+sm (99)

sin”(é—g) + sin2k(2—g) + sinZk(lgo—;T) + sinZk(197—;T) + sin2k(199—9n) + sin”(%) + sin”(%) + sin”(%) + sin”(%) + sinZk(494—;T) + sin”‘(%)
= sin”(é—g) + sin2k(;—g) + sinZk(lgl—;T) + sinZk(l;;;T) + sin2k(290—9n) + sin”(%) + sin2k(2;;9n) + sin2k(394—9n) + sin”(%) + sinZk(?—;) + sin”‘(%)
= sin”(é—g) + sin”(Z—Z) + sinZk(lgz—;T) + sinZk(lgs—;T) + sin2k(291—9n) + sin2k(294—9n) + sin”(%) + sin2k(393—9n) + sin”(%) + sinZk(A;Z—;) + sinZk(?—;)
= sin2k(g—g) + sin”(Z—Z) + sinZk(lgg—;T) + sinZk(l':—;T) + sin2k(292—9n) + sin2k(293—9n) + sin”(%) + sin2k(392—9n) + sin2k(4;)—9n) + sinZk(A;l—;) + sin”‘(?—;)
(k=1,2,3,4,5,6,7,8,9,10)

Example 2.5.3 (Chen Shuwen, August 2021)

k (271) + « (871) + « (1211) + k (1811) + x (2271) _ x (411) + x (611) + k (1411) + x (1671) + x (2411)
cos R cos R cos R cos R cos 25 ) = cos R cos R cos cos R cos

o (2 s (5 o () o () ot (2
cos (15)+COS 15 + cos 15 + cos 15 + cos 15

T 3m 5w 7 91
= cos¥ (E) + cos® (E) + cos® (E) + cos® (E) + cos¥® (E)

(k=1,2,3,4,6,8)

17
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Example 2.5.4 (Chen Shuwen, August 2021)

B (0n> . B (1071) . " <10n> . " (2071) . B (2071) . " <30n> . B (3071) . " <40n> . B (4071) . " <50n> . " <50n>
cos oc cos o cos oC cos o cos o cos oC cos o cos oC cos o cos oC cos oc

— cost (22)  cost (22) + cost (22 4 cos (22) - cost (225) o (220) - cos (322) o (222 cos () 4 cost (475 4 cos (522)
= cos o% cos T% cos oC cos o cos o cos T% cos o cos o% cos o cos oC cos oc
— cost (2) + cost (22) + cos () 4 cos(29) s cost (247) 1 cos (252 4 cos (247) o (255 1 cos (47) 4 cost (257 1 cos (527)
= cos o% cos oc cos oC cos o cos o cos o% cos o cos oC cos o cos oC cos oc
_ (5£)+ (5£)+ (12)+ (iﬂ)+ (E)+ (@)+ (ﬁ)+ <E)+ (iﬂ)+ (@)+ (@)
= cos oC cos o% cos oC cos o cos o cos oC cos o cos oC cos o cos oC cos oC
_ x (17!) + x (37!) + x (57!) + " (711) + " (911) + k (11n) + x (1311) + " (15n) + x (1711) + " (19n) + k (Zln)
= cos 22 cos 22 cos 22 cos 72 cos 72 cos 22 cos 72 cos 22 cos 72 cos 22 cos 22
— cost () + ot (25) + cost (22) + cost () 1 cos (237) 4 cos (227 + o (220 4 cos (23) 4 cos (257 - o (220 4 cos (22)
= cos 33 cos 33 cos 33 cos 33 cos 33 cos 33 cos 33 cos 33 cos 33 cos 33 cos 33
— cost (22) 4 ot (22) + cost (22) + cost (20 + cos (27) 4 cos (27 4 ot (220 1 cos (225) 4 cos (27 o (220 4 cost (225)
= cos 33 cos 33 cos 33 cos 33 cos 33 cos 33 cos 33 cos 33 cos 33 cos 33 cos 33
_ k (17[) + " (77[) + x (91{) + x (157{) + x (177[) + x (237{) + x (257{) + x (317{) + x (337{) + x (397{) + x (417{)
= cos ) cos ) cos 2 cos v cos v cos v cos v cos v cos v cos m cos v
_ " (37[) + x (51{) + x (117[) + x (137{) + x (197{) + x (217{) + x (277[) + x (297{) + x (357{) + x (377[) + x (437[)
= cos ) cos 2 cos v cos v cos v cos v cos v cos v cos v cos v cos v

(k=1,2,3,4,56,7,8,9,10,12,14,16,18,20)

Example 2.5.5 (Chen Shuwen, August 2021)

a, = f1o+2\/§ by= [8+2]10+2V5 ¢, = [8-2(8+2]10+2V5 d;=—[8-2 8—2’8+2/10+2\/§

a2=—/10—2\/§ b= [8-2]10-2V5 ¢, = 8—2/8—2/10—2\/5 8—2[8-2 8—2/10—2\/§
s —[8+4x/§ 8+2/8+4\/§

a, = /10—2\/3 by=-[8+2]10-2V5 ¢, 8+2/8+2/10—2\/§ d,= [8—2 (842 8+2/10—2\/§
a5=—/10+2\/§ b= [8-2]10+2V5 ¢, =—[8-2 8—2/10+2\/§ ds=— [8+2(8-2 8—2/10+2\/§

ak +a¥ + ak + ak + a¥ = b¥ + b¥ + DX + bf + bl =k + ¥+ ¥+ K+ ck=df +df + d¥ +dE + dE
(k=1,2,3,46,8)

QU
N
Il

45

az;=0 b; =

QU
w
I

ﬂ

ﬂ
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Chapter 3

The Generalization of Newton Identities

Identities 3.1. Equivalent form of Newton’s binomial theorem (Chen Shuwen, 1985)

n
(a+b)" = > halb"
=0

1-j .
h=hi SR (21

Example 3.1. Simplification of Pascal's Triangle (Chen Shuwen, 1985, by using Identities 3.1)
For (a + b)°

Step 1
9 8 7 6 5
(150 150 150 170 120 1—=0 1—=0 1= 1—1 1
Step 2
9 8 7 6 5
(117091 70361 50841 701261 5[ 1—[ 1—[ 1—[ 1—[ 1
) 9 8 7 6
(Note: IXI—‘), 9XE—36, 36X§—84, 84XZ_126)
Step 3
9 8 7 6 5
(117191 5[36] 30841 7[126] Z[126] —[84] —[36] —[9] —[1]

Then we have
(a+b)° =a®+9a8b + 36a’b? + 84a®b3 + 126a°bh* + 126a*b> + 84a3b® + 36a?b” + 9ab® + b°

Identities 3.2. A Generalization of Newton’s binomial theorem (Chen Shuwen, 1985)

n
i
(a+b+o)" = Zhi,]-ajbi’jc”’i
=0
=0

i=

here
h0'0:1
n+1—1i)h;_
hi,oz( i)Ll,O (1Si<n)
i+1—))h;;_
hi,]-=(—.})l‘]1 1<j<i)

J

Remark. Identities 3.1 and Identities 3.2 can be generalized to (a; + a, + ...+ a,;,))" for any m.

19
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Example 3.2. The Generalization of Pascal's Triangle (Chen Shuwen, 1985, by using Identities 3.2)
For (a+b+c)®
Step 1. Fill in the bottom row for (a + b + 0)® ,sameas (a + b)2 :

5
(117181 70281 3561 2 [70] g [56]  [28]

1
1 4 6 (8] gl1]

NN

Step 2. Fill in the first number of each row, same data as the bottom row:

[1]
(8] — [ 1

5
[1] ? [8] % [ 28] g [ 56] 7 [ 70 ] % [ 56 ]

Step 3. Fill in the rest numbers, same method as the bottom row:

[1]

8] 7 [8]

=N

[28] = [56] % [28]

W =

[168] % [168]

W

[56] [56]
[70] % [280] g [420] % [280] % [70]

[280] % [56]

[56] % [280] % [560] % [560] %

[168] %[28]

vl N

[420]

S w

[168] ; [420] % [560]

=l o

[28]

w| v

6 4 3 2 1
[56]5[168] [280]1[280]5[168]8[56]7[8]

=1

[8]

(815011

ul]
| w
NN

5
[8] % [ 28] g [ 56] 7 [ 70 ]

=] o

[1] [56]1 =1[28]

Then we have
(a+b+c)8=c®
+8ac’ + 8bhc”

20
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+28a%c® + 56abc® + 28b%c®

+56a3c® + 168a?bc® + 168ab?c® + 56b3c®

+70a*c* + 280a3bc* + 420a?b?c* + 280ab3c* + 70b*c*

+56a°c® + 280a*bc3 + 560a3b?c3® + 560a?b3c3 + 280ab*c3 + 56b°¢3

+28a°c? + 168a°bc? + 420a*b?c? + 560a3b3c? + 420a?b*c? + 168ab°c? + 28b°c?
+8a’c + 56a®bc + 168a°b?c + 280a*b3c + 280a3b*c + 168a?b>c + 56ab’c + 8b7c
+a® + 8a’b + 28a®b? + 56a°b® + 70a*b* + 56a3b® + 28a?b® + 8ab” + b®

Identities 3.3. (The Girard-Newton Identities, Classical form, by Girard and Newton)
Let n and k be positive integer. Denote

Po=al+af+ak+-+ak
and

Si=—(+a,+az;++a,)

S, = aa, +aa3 +azaz + -+ a,_qa,

S3 = —(a1aza3 + -+ ap_2ap-1an)

Sp = (—1D"(a1a2a3 ...a,)
then

P;+15, =0

Py +S,P+25,=0

P; + 8P, +S,P, +3S3 =0

P‘l’l +S]_Pn_1 +SZPTl—2 + .- +Sn_1P1 -I-TlSn =0
Pk + Slpk—l + SZPk—Z + - +Sn_1pk_n+1 + SnPk—n =0 fOI‘ k >n

Identities 3.4. (Equivalent form of The Girard-Newton Identities, by Chen Shuwen, 2017, 2019)
Let n and k be positive integer. Denote

Pp=af+af+ak+-ak
and denote

Sy =—(P)/1

Sy =—(Py+S:,P)/2

S;=—(P;+S,P,+5,P,)/3

Sk = —(Px + S1Pr—1 + SoPyy + -+ Sp—1P1) /k
Then

S;=—-(a;+a; +az+-+a,)

S, =a,a, + aqa3 + azaz + -+ a,_1a,

S3 = —(a1aza3 + -+ ap_2ap-1an)

— k
Sk = (—1) Z ajlajz a]
15j1<jp<<jgsn

k

Sn = (D"(a1aza3 ... ay)

S,=0 for k>n
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and
P, +15,=0
Py, +S,P+25,=0
P34+ SPy +S,P; +35;=0

P‘l’l +S]_Pn_1 +SZPTl—2 + .- +Sn_1P1 -I-TlSn =0
Pk + Slpk—l + SZPk—Z + - +Sn_1pk_n+1 + SnPk—n =0 fOI‘ k >n

Example 3.3. ( n =5 case of Identities 3.4 )
Let k be positive integer. Denote
P, = ak + a¥ + ak + af + af
and Denote
Sy =—(P)/1
Sy =—(Py+5:P)/2
—(P3 + S;P, + S,P;)/3
Sy =—(Py+ S1P; +S,P, + S3P;) /4

%]
w
Il

Se = —(Ps + S;P, + S,P5 + S3P, + S,P;)/5
S¢ = —(Pg+ S;Ps + S,P, + S3P; + S,P, + SsP;)/6
S; = —(P; + S1Pg + SyPs + S3Py + SyP3 + ScPy + SePy) /7
Sg = —(Pg+ S1P; + S,Pg + S3Ps + S, Py + Sc Py + SgP, + S;P;)/8
Sk =—(Pe+S1Py + SoPrz + -+ S P /k
Then

51=_(a1+a2+a3+a4+a5)
52 = aa, + a,as + aas + -+ 405
53 = _(a1a2a3 + a,a,a, + a,asza, + -+ a3a4a5)

S, = a1a,a3a4 + a1a,0305 + a10,0405 + 41030405 + A,A30,405

S5 = —a,a,a3a405

S¢=0

S;=0

Sg=0

S,=0 for k>5
and

P;+15, =0

P, +S8,P1+25,=0

P; +S:P, + S,P, +35; =0

Py + S,P3+ 5P, + S3P1 +45, =0

Ps + S1Py + S,P3 + S3P, + S4P; + 555 =0
Pg + S1Ps + S;Py + S3P3 + S4P, + S5P;, =0
P; + S1Pg + S;Ps + S3Py + S4P3 + S5P, = 0
Pg + S1P; + S;Pg + S3Ps + SyPy + SsP; = 0

Pk + Slpk—l + SZPk—Z + S3Pk_3 + S4_Pk_4_ + SSPk—S =0 fOI‘ k > 5
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Identities 3.5. (Chen Shuwen, 2017, 2019)

Let
= — i
Sy | P |/ 1! 5, =
P, 1 0
S,=—|P, P, 2]/3 S, =
pP; P, P
P, 1 0 0 0
P, P, 2 0 0
Ss=—|P, P, P, 3 0]/5!
P, P, P, P, 4 Se =
P, P, P, P, P,
P, 1.0 0 0 0 0
P, , 2 0 0 0 0
P, , , 3 0 0 0
S,=—|P, P P, P, 4 0 O0|/7
P, P, P, P, P, 5 O Sg =
P, P P, P, P, P, 6
P, Ps Py Py P3 P, Py
b 1 0 0 0 0
P, P 2 0 0 0
P, P, P 0 0 0
S = (—DF| : ; ; P i | /K
Poy Peos Poey . P, k=2 0O
Peey Peoy Poos .. P, P k-1
P Py Pey .. P P P

then the above relations are equivalent to

= ~(P)/1

—(P, +5,P1)/2

—(P3 + S;P, +S,P;)/3

—(Py + S P; + S,P, + S3P) /4

—(Ps + S;P, + S,P; + S3P, + S,P;)/5

—(Pg + S1Ps + S,P, + S3P; + S, P, + SsP;)/6

—(P; + S1Pg + SyPs + S3P, + SuPs + SsP, + ScPy) /7

—(Px + S1Pg—1+ S3Pi_p + -+ Sp_1P1) /k

Definition 3.1. ( P form of S} )
By expand the below relations of S, and P

S1=—(P)/1

S2
S3

—(P, + S51P1)/2

_(P3 +S]_P2 +52P1)/3

S =—(Px +S1Pg_1+S;P_p + -+ S_1P1)/k

23

—(Pg + S1P; + SyPg + S3Pg + SyPy + SsP3 + SgP, + S;P;)/8

w o o

/ 6!
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We have
51 = _P1
P? P,
)
6 = P PP, Py
3 6 2 3
P 1 P? PPy P
Sy=——-PPy+ 222
24 4 8 3 4
PP 1 1,1, P,P; PP, Ps
Ss= "o tplifeght —ghilt—m+ =~ %
PS 1 1 | 1 P 1 P,P, P,P; P
&=%%—Emmﬁqyw§—é+ﬁfﬁfga5&+%—§ﬁ&+%§+ﬁ§—f
24 1 1 1 1 1 1 1 1
7= 010 +m10151>2 —EPEPZZ +EP1P23 —ﬁpf}g +EP12P2P3 —ﬁpzng —EP1P32 +ﬁP13P4
1 PP, 1 P,Ps PP, P,
— =P, PP, +—— —— PP+ —+ -=
gl ¥* 12 10T 10 6 7
Generally
S, = (=P1/1)2(=P/2)" ... (=P /K)'¥
=

i) ig!
0Siy,igtarminsk 1i2t etk
11+212++klk=k

We call it the P form of S.

Definition 3.2. (Q form of S}, Chen Shuwen, 2017)
For the relation of S, and Py

Sy =—(P)/1

Sy =—(Py+S:P)/2

S;=—(P;+S,P,+5,P,)/3

S =—(Px +S1Pg—1+S3P_p + -+ Sp_1P1)/k

If we let
Py =—kQy
then
S1 =01
QZ
S, = Z_T +Q;
Q3
S3 =3_T+Q1Qz + Q3
Qf  QF Q3

54=Z+EQ2 +?+Q1Q3+Q4

5 3 2 2
Ss =&+%Q2 +%Q1 +%Q3+Q203 + 0104+ Qs

5!
6 4 22 3 3 2 2
56=%+%Qz+%%+%+%Q3+Q1Q203+%+%Q4+Q2Q4+Q1Q5+Q6
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7 5 3 2 3 4 2 2 2 3
S7 =%+%Q2 +%%+ Q1%+%Q3 +%Q2Q3 +%Q3 + Q1%+%Q4 + Q10204 + Q304
2
+ %Qs + Q205 + Q106 + Q7
Generally
Si = QlllQéz llck

i) ig!
0Siy,iglanigsk 120K
11+212++k k=k

We call it the Q form of Sj.In case of Q form, the sign of each item is always positive.

Definition 3.3. (F form of S; , Chen Shuwen, 1999)
For the relation of S, and Py

Sy =—(P)/1

Sy =—(Py+S:P)/2

S;3=—(P;+S,P,+5,P,)/3

S =—(Px +S1Pg_1+S3P_p + -+ Sg_1P1)/k

If we let

P, =-F

P, =Pf—kF, for k>1
then

S1=F

S;=F,

S; =FF,+F;

FZ
S4=7+F1F3+F4

1
55=§F1F22+F2F3+F1F4+F5
3 FZ

F.
56=%+F1F2F3+73+F2F4+F1F5+F6

1 1 1
57=_F1F23+_F22F3+_F1F32+F1F2F4+F3F4+F2F5+F1F6+F7

6 2 2

FFo1_ 1 1 F?
58=ﬁ+§F1F2F3+5F2F3+EF2F4+F1F3F4+7+F1F2F5+F3F5+F2F6+F1F7+F8

Generally
i1 iz ol i
. FUE2R? X
k ipligl . ig!
0<i;=1

0<iy,is, i<k
i1 +2ip++k =k

We call it the F form of Sj.In case of F form, the sign of each item is positive, and the power exponent of F;
is always 1.
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Definition 3.4. (D form of Sj, Chen Shuwen, 2020)
For the relation of S, and Py

Sy =—(P)/1

Sy =—(Py+5:P)/2

S;3=—(P;+S,P,+5,P,)/3

S =—(Px +S1Pg—1+ S3P_p + -+ Sg_1P1)/k

If welet
Pl = _Dl
Pz = Dlz - 2D2

Py =—D3 —3D,

P, = D} + 2D% — 4D,[]

Ps = —Dj —5D;

Ps = DS —2D3 + 3D% — 6D

P, =-D] — 7D,

Py = D + 2D} + 4D? — 8Dy

Py = =D —3D3 — 9D,

P, = Di° — 2D3 + 5D2 — 10D,
Py, = —DM —11D,,

P, = zh:(—l)@)ijS%)
j=1

here fi,f5, ..., fn areall positive factors of k, include 1and k itself.

then
Sy =Dy
Sy =D,
S3 = DD, + Dy
S, =DD;+ D,

Ss = DyD3; + DD,y + Ds

S¢ = D1D,D5 + D,D, + Dy D5 + Dy

S, =D,D,D, + D3D, + D,Ds + D, Dg + D,

S¢ = D1D3D, + DD, D5 + D3Ds + D,Dg + D;D; + Dg

S9 =D,D3D4 + D1D3D5 + DyDs + D1D,Dg + D3Dg + Dy D5 + D1 Dg + Dg

S0 =D1D,D3D4+ Dy;D3Ds + D1DyDs + D1D3Dg + DyDg + D1D,D7 + D3D7 + D,Dg + D1Dg + D1

S11 =D1D,D3Ds + D;D4Ds + D,D3Dg + D1DyDg + DsDg + D1D3D7 + DyD7 + D1DyDg + D3Dg + D, Dg
+D1D19+ D1q

Generally

i1 iz i i
Si = Z DID2D .. DX
0<iy,in, iz mif<1
1.1+212++k k=k

We call it the D form of Sj.In case of D form, the sign of each item is positive, the coefficient of each item is
always 1, and the power exponents of D,,D,, ..., D, all are 1.
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Example 3.3.
Comparation of P form, Q form, F form,and D form:
S, =— il 1P5P 1PP 1PP 1P4P 1PPP 1PP 1PP 1PP
7= T3040 T 240 1 2 Taglitt Tyghty oy il S AR m o BB m I B+ o B
1 PPy 1 P,Ps PP, P,
—P,P,P, + — P2p, + -2
“ghhlat it g 6 7
Q] Q3 Q3 Q3 Q,° ot Q% Q Q5 Q3 Qf
Sp=—rterQe oot Qg+ 200 + 5 Qs+ Quoy 5 Qu + QuQ2Qs + QaQs +
+ Q205 + Q106 + Q;
F3 FZ FZ

57 = D1D2D4_ + D3D4_ + D2D5 + D1D6 + D7

Definition 3.4.1. An equivalent definition of D form

The below relation in Definition 3.4.

P, = Z(_1) fi ijgf’) here fi,f5, ..., fn are all positive factors of k, include 1 and k itself.

is equivalent to
Py = -D,
P, = (-1)¥DF — kD,

P = (=1)*Df — kD + Zh:(—l)%)ijg?)
j=1

Example:
P, =-D,;
P, = D? — 2D,
P; = —D3} — 3D,
P, =D{ — 4D, + (203
P; = —D; —5D;
Py = D8 — 6D + (—2D3 + 3D2)
P, =-D] — 7D,
Py = D3 —8Dg + (2D5 + 4D2)

Py = —Dj — 9Dy + (—3D3)

Py, = D{° — 10D,y + (—2D3 + 5D2)

Py, = —DM —11D,,

P,, = D}? —12D,, + (2D + 3D§ — 4D} + 6D?)
Py; = —DI3 — 13Dy,

P,, = D}* —14D,, + (—2D] + 7D3%)

P,s = —D}5 — 15D, + (—3D3 — 5D3)

P,y = D1® — 16D, + (2DS + 4D} + 8D?)

P,, = —D}Y —17D,,

k is prime number

k is composite number with all its positive factors
fi for ooy fro€xclude 1 and k itself.

It is very interesting that the relation of P, and D, shows the primeness and factors of k.
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Identities 3.6. (P form of The Girard-Newton Identities, by Chen Shuwen, 2017-2019)
Let n and k be positive integer. Denote

P, =af +ak +ak+--ak

and
g (=P /1)1 (=P, /2)"2 ... (=P [k)"
k= TR
0si i sk iVl gg!
ll+212++klk=k
then
<
S = (=1D)* Z a4, - a5, k=n
1<), </, < <j,<n
Sk =0 k >n

Identities 3.7. (Q form of The Girard-Newton Identities, by Chen Shuwen, 2017-2019)
Let n and k be positive integers. Denote

Po=af+af+ - +ak

and
Qr = —Pc/k
and
i iy ix
S, — Q7'Qy O
km L iglin! . ig!
0<iq,ip,i3,...,ix<k
ll+212++klk=k
then
S = (—1)k a; a; ..a; k=n
1 %g o 4
1<), </, < <j,<n
Sk =0 k >n

Identities 3.8. (F form of The Girard-Newton Identities, by Chen Shuwen, 2017-2019)
Let n and k be positive integers. Denote

Po=af+af+-+ak

and
F1 = _Pl
Fo = (PF—P)/k k>1
and
iy pl2 pi3 i
g = FEF° LE,
k= ol i)
05t 1,2. 3 e Lt
0<iy,iz,.ifsk
i1+2iy++k =k
then
_ k k<n
Sk -_ (_1) Z a] ajz ...ajk -
1Sj1<j2<---<jk5n
Sk =0 k >n
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Identities 3.9. (D form of The Girard-Newton Identities, by Chen Shuwen, 2020)
Let n and k be positive integers. Denote

P.=af+ak+-+ak
and

D, =-P;

D, = (P{lc - Pk)/k k is prime number

k is composite number with all its factors

h
1 r
D, = (Pk—P k+Z—1f'—D’
o= (P =P/ j:l( ) f; 6 Fir for e er fr exclude 1 and itself.

and
S = Z D*DZDE .. D}k
0<iy,iz iz, mifS1
i1+2i2+"'+kik=k
then
<
S = (=¥ Z a4, - Ay, k=n
1<), <, < <jp<n
Sk =0 k >n
Example 3.4.
Denote
P, = a’f+a’2‘+a’3‘+aff+a’5‘+a’6c (k=1,2,3,4,5,6,7)
then
(1) By Identities 3.6, we have
5= -1 £l PSP, — - PEPE 4 PP — - PAP, + = PRP,P — - P2P, — - P,P? + = PP
7= T50a0 T2a0 12 Taglitt gty Ty il Al T o s m g AR A og Al
1 PP, 1 pP,Ps PP, P,
P, PP, + P2P- + - =
gt Tt 6 7
(2) By Identities 3.7, we have
Q Q Q3 Q3 Q.° 0f Qf Q QF QF Qf
S; = = . Qz ST 2? Q: 32, _103 - QzQ3 Q3 + 0 2? A Q4 + Q10204 + Q304 + . Qs

+ Q205+ 0106 +Q;, =0
here Q, = —P./k (k=1,2,3,4,5,6,7)
(3) By Identities 3.8, we have
F3 2 FZ
S, = yFl o 2 F, + 57 Fu + FiFoFy + FyFy + FpFs + FyFg + Fy = 0
here F, = —P,, F, = (Pf—P.)/k (k=2,3,4,5,6,7)
(4) By Identities 3.9, we have
S, = D,;D,D, + D3Dy + D,Ds 4+ DyDg + D, = 0
here D; = —P; and
D= (PF-P)/k (k=2,357)

D 3t 1 PZ P

— 4 _2 — 1__ 2 _2__4_

Dy=(P{—P)/4+ 5 ( - "1 2p, + =
Dg = (PS — Py)/4 Dy D3 1P 1 L, PR 1 PSP
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Corollary 3.1. (Proof by Identities 3.6 or 3.7 or 3.8 or 3.9)
1. There is no non-trivial solution for
ak+afk+ak+ - +al=bF+bf+bk+--+bk (k=1,23,..,n)
2. If
ak+ak+ak+-+afk=bF+bf+bk+-+bk (k=1,2,3,..,n-1n+1)
then
a,+a,+az+-+a,=b +b,+bs+-+b, =0

Identities 3.10. ( A generalization of the Girard-Newton Identities, by Chen Shuwen, 2017)
Let
{Pk =af+ak+--+ak, fork+0

PO = aa; ...a,

and
Si1=-P
S =—(Px +S1Py_q + SoP_p + -+ Sp_1P)/k, fork>1
< So=—Py
S_1=PyP_4
\Sx = —(—PoPr +S_1Pxiq + S_2Pgyr + -+ Spi1P_1)/(—k), fork < -1
and
T = (=1D)"Sk_n fork < -1
To=1+(-=D"S_,
Ty =S+ (—1)"Sy_,, forl<k<n
Ty = Sk, fork=zn+1
then
T, =0

Remark. Here we generalize The Girard-Newton Identities from the case of k > 0 to the case of any
integer k.Itis useful for solving the system of the below form
ak +ak +ak+ - +ak = bk + b5 +b¥ + -+ bk (k=ky,ky kg, k)
a,a; ...a, = byb, ...b,
We will discuss this system in Chapter 5.
Example (Chen Shuwen, 2019/2/5).
1 1 1 1 1 1 1 1 1 1
63" 258" 16 84 —72 367 21 80
(—63) X (—45) x8x16 x84 =(—72) x(—36) x7x21x 80
(—63)+ (—45)+8+16+84=(-72)+(—36)+7+21+80
(—63)2 + (—45)% + 82 + 162 + 842 = (—=72)% + (—36)%? + 72 + 212 + 807
(—63)* + (—45)* + 8* + 16* + 84* = (—=72)* + (—36)* + 7* + 21* + 80*
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Identities 3.11. ( A generalization of the Girard-Newton Identities, by Chen Shuwen, 1997, 2016, 2020)
Let n and k and be positive integers. Denote

Porry = a%k+1 + a%k+1 4 e 4 g2+l

and
Gl = _Pl
G; = (P13 _P3)/3
Gs = (P? — Ps)/5
G; = (P17_P7)/7
5 G3
Go = (Py _P9)/9—(?)
G, = (P111 - P11)/11 - (Ge?Gs)
Gy3 = (P{® — P13)/13 — (G3G& + G3G)
15 G3  G3 2
Gis = (P> — Pi5)/15 — (? + 3 + 2G5G5G7 + G3Go)
Gi7 = (PY7 = P17)/17 = (G3Gs + GG, + G3GF + 2G3G5Go + G5Gy1)
In general
k-3
Gaers = (B¥ = Py ) /2K + 1) = 1/@K +1) ) 25+ D621 Zas2)
=1
where
iy s+ +iges) 1 i
Zyp = s l, '51, — = 3) GEGHS .Gk
inis, o320 3:lg: wnlpp—3:
3i3+5ig+:+(2k—3)ix—3=2k
Let
Gpor Gz Gps . Gs Gs Gy
win | Gust Guot Gus o G Gs Gi + G |
(-1) s Gniz  Gpi1  Gpoq . Gq G, G} + G3G2 + Gs , miseven
Gan-z Gan-s Gan-7 o Gpiz Gpia GIl_l + 63611_4 +t Gn—3612 + Gpa
Xn,O = <
Gry Gna Gne = G3 O 1
n2—1 GTl GTl—Z Gn_4 (e GS G3 Glz
D)% | Gy G, Gupp .. G, Gs G} + GG, , mnisodd
Gan-z Gan—s Gy o Gpip Gp GI7' 4 G3GI 4 -+ Gy GF + GGy
Xn,z
Gn+1 Gn—3 Gn—s GS G3 Gl
n(n+2) Gpyz  Gpog Gpoz oo Gy Gs G} +G;
(-1) s Gnys Guy1 Guo1 .. Go G, G? + G3G? + Gs , niseven
Gan—1 Gan—s Gy o Gpiz Gpyr GI7 P+ G3GP* 4+ Gp3Gf + Gy
G, Gpa Goo = Gy 0 1
n2—1+1 G2 Gn—2 Gpg - Gs G3 Glz
(_1) 8 Gn+4 Gn GTl—Z e G7 GS Gf + G3Gl ) n 1S Odd
GZn—l G2n—5 Gzn—7 Gn+2 Gn G?_l + G3G{L_4 + ot Gn—4Gl3 + Gn—ZGI
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Gn+1
n(n-2) Gn+3

(_ 1) 8 Gn+5

GZn—l

Gy

(n—2)%-1 Gn+2 Gn Gn—z
(_ 1) 8 Gn+4 Gn+2 Gn

Gzn—l GZn—3 GZn—S

U1,3,5,...,2n—3,2n+1

Xn,n

Gn+1
Gn+3
n(n+2
%H Gros
GZn—B
GZn+1

2
n -1
g 1 Gnig

—T

0= | (a; +a;)

1<i<j<

n
(a; +a;)

.
L 1
1<i<jsn

—

= [ (a; + a;) H(a1+a2+~~

1<i<jsn

Gn—3 Gn—S
Gn—l Gn—3

Gn Gn—4— Gn—6
Gn+2 Gn—Z Gn—4

n— n— n—
GZ 3 GZ 7 GZ 9
GZn+1 GZn—B GZn—S

1<i<jsn

1<isn

Gs G
G; G
Go G, |, niseven

G; O
Gs Gs
G, Gs|, nisodd
Gn+2 Gn
Gs G Gy
G, Gs G3 + G,
Gy G GS + G3G% + Gs

Gup1 Guoyr G773+ G368+ 4 GoosGl + Gps
Gn+5 Gn+3 G?-H + G3Grll_2 + ot Gn—lG% + Gn+1

Gs 0 1
Gs G3 G}
G, Gs GT + GG,

G, Gnp GV34+G67 %4 4G, G+ G,_4Gy
Guia Gz G+ G672 + -+ G,y Gl + GGy

+a, — ai)

_ | | 2
Uiss,.2n-32n+1 = (ai+aj) Z a;a; Z a;a; + Z a;

and then

1<i<jsn

Xn,Z/Xn,0: z a;a;

Xn,n/Xn,O = 1_[

4 —
Gl —4 U1,3,5,...,2n—3,2n+1/Xn,o = (

1<i<jsn

1<isn

(ay +ay +-+a, —a;)

5 4)

1<isn

1<i<jsn

1<i<jsn 1<isn

)

)

nis even

nis odd

Remark. Here we generalize The Girard-Newton Identities from the case of positive integer k to the case of all k
be positive odd integers. It is useful for solving the system of the below form

a¥ +af+ak+ - +ak =bf+ bk +bk+--+bk

(k =2k, +1,2ky+1,..., 2k + 1)

In the next section, we will generalize it to the case of all k be odd integers (both positive and negative).
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Example 3.5. (Chen Shuwen, 2019, 2020)
Let n and k and be positive integers. Denote

Porry = a%k+1 + a%k+1 4 e 4 g2+l

and

G3=(P13_P3)/3
Gs = (P — P5)/5
G7=(P17_P7)/7

G3
G9=(P19_P9)/9—(?)

G, = (P111 _P11)/11 - (Ge?Gs)
Gy3 = (P{® — P13)/13 — (G3G& + G3G)

3

5
G, = (P}°>—P 15 — G—3 G—S 2G5G:G G3G
15 = (Pi 15)/ (5+3+ 3GsGy + G5Go)

Gi7 = (P17 = P17)/17 — (G3Gs + G5G7 + G3GF + 2G3G5Go + G3Gyq)
Glg = (Pllg - Plg)/lg - (2(1‘336% + G§G7 + GsG% + 652(1‘9 + 2636769 + 26365611 + 632613)

then

33

Xz,o =

X3,0 =

X4,0 =

Xs,o =

X6,0 =

X9,0 =

-1 Gy

0
Gy
Gs
Gs

Gs

_GS

Gy

Gs
Gy

=[] @+ay=c@+a
1<i<j<2
1
G| = 1_[ (ai + aj) = (a; + az)(a; + az)(a, + az)
1<i< j<3
G
G3 _l_lG = 1_[ (ai + aj) = (a1 + az)(a; + az)(a; + az)(ay + az)(a; + as)(as + a,)
1 31 ici<jza
0 1
G, G |= n (a: + )
GS G{t + G3Gl 1<i<js5
Gs Gy )
6 Gi+6 =[] (a+a)
G, G;+ G3G? + Gs 1<i<j<6
G, 0 1
Gs G Gf
G, Gs GE+GsG, |~ 1_[ (a: +a))
6 3 1<i<j<7
Gy G, GS+GsG3+GsG,
Gs Gs Gy
G, Gs G3 + G, ~ r
G G, G + G3G? + Gs Y g(ai +9)
<ig<j<
Gii Go Gl +GiGY+GGE+G, !
Ge Gy 0 1
G, G G G2
GQ G7 GS Gf + G3Gl = H (ai + a])
Gll Gg G7 Glﬁ + G3Gl3 + 6561 1Si<j59
Gis Gy Go GP+GsGS +GsG? +GyG,
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Gy G; G5 Gz Gy
Gy Gy G; Gs G3 +Gs

Xi00=—|G1z Gu1 Gy Gy G? + G3G? + Gs = 1_[ (a; + a)
Gls Gl3 Gll Gg GZ + G3G{t + GSGlz + G7 1<i<j<10

Gi; Gis Giz Gip GP + G3GP + GsGf + G,G? + G,

Go G, Gs G3 O 1
Gy Gy G G5 Gy Gf
Giz G Gy G; G Gt + G3G,
%10=7160 Gy Gy G G G + G5G? + G5G, = I](%+@
Gy Gis Gis Gy Go GP + G3G + GG} + G, G, s
Gio Gi7 Gis Gz Gy Gi°+G3G] + G5GF + G,GF + GoGy
G Gy G G5 Gy Gy
Giz G Gy G; G Gi + G
Yo o= Gis Gz Gy Gy Gy G + G3GF + Gs _ 1_[ (a~ " a')
207 Gy Gis Gz Gy Gy G{ + G3Gf + G5Gf + G, Ny R
Gio Gy Gis Giz Gu G +GsGf +GsGE +G,GF + G e
Ga1 Gio Giz Gis Gz G+ G3GY + GsGY + G7GF + GoGY + Gy

Xi30=—|G17 Gis Gz Gy Gy Gy

X14,0= 619 617 G15 G13 G11 G9

= 1_[ (a: +a))

XlS,O =

= 1_[ (a: +a))
1<i<j<15

Example 3.6. (Chen Shuwen, 2020)

34

1
Gf
G+ G3G,
Gf + G5 + GG, =[] (@+q)
G2 + G3G? + GsG? + G,G, 1=i<j<13
G0 + G3G] + GG} + G,G3 + GoG,4
G + G3G) + GsG] + G,G? + GoG} + G1,G,
Gy
G3 + G,
G? + G3G + Gs
G] + G3G} + GsG + G,
G) + G3G? + GG} + G,GE + Gy
G + G3G8 + GsGP + G,G} + GoG? + Gy
G134+ G3G1° + GsGE + G,G8 + GG + G11GE + G5

0 1
G, G2
Gy Gt + G5G,
G, G? + G3G} + GG,
G, G8 + G536} + GsG3 + G,G,
Giq Gi° + G3G] + GG} + G,G3 + GoG,4
Gi3 Gi%Z 4+ G3G) + GsG] + G,G? + GoG3 + G141 G,
Gis Gi* + G3GiY + GsG; + G,G] + GoGF + G1,G3 + G136,
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Let Let
Po=ak+adf (k=13) Po=ak+adf (k=15)
and and
G, =-P, G, =-P,
Gs = (P} — P3)/3 Gs = (P{ = P5)/5
then then
cf+z%=a§+ag Gf+4||gi’||=(a%+a%)2
Let Let
Pe=ak+ak+af (k=1,35) Pe=ak+ak+af (k=1,37)
and and
G, =-P, G, =-P,
Gs = (P} — P3)/3 Gs = (P} — P3)/3
Gs = (P{ = P5)/5 G, = (P{ —P)/7
then then
Gz 1 G3 1 |
G? + 20 Gllz —@2+al+al Gf+4%=(a%+a%+a§)z
Gy G} |63 G?
Let Let
Po=al+ak+al+af (k=1,3,57) Po=al+ak+al+af (k=1,3,59)
and and
G, =-P, G, =-P,
Gs = (P} — P3)/3 Gs = (P} — P3)/3
Gs = (P{ = P5)/5 Gs = (P{ = P5)/5
G; = (P{ = P))/7 Go = (P{ — P5)/9 — (G3/3)
then then
Gs Gy Gs Gy |
Gf+2g;6—13;163=af+a§+a§+aﬁ G+ 4 Go GG;S+G£IG3+GS = (a? + a2 + a? + a?)?
Gs G} +Gs Gs G} +G;
Let Let
Pe=af+af+ak+af+af (k=13579) Pe=af+af+af+af+af (k=135711)
and and
G, =—P; G, =—P;
63=(P13_P3)/3 63=(P13_P3)/3
Gs = (P — P5)/5 Gs = (P7 = P5)/5
G7=(P17_P7)/7 G7=(P17_P7)/7
G9=(Pf_P9)/9_(G§’/3) 611=(P111_P11)/11_(G§Gs)
then then
Gs 0 1 Gs 0 1
G, Gs G2 G; G G}
G2 +2 gz %5 Gf +1G3Gl =a? +a}+ad?+d?+ a? G +4 Gy (;2;7 OGf+G3§13+6561
Gs Gz G? Gs Gs G?
G, Gs G} +GsG, G, Gs G+ GsG,
= (a?+a?+ a2 +a?+a?)?
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Corollary 3.2 (Chen Shuwen, 2020)
If

n n
Za5‘=zbl‘ (k=1,3,5,..,2n—1)

@+ap= [ i+n

1<i<jsn

1<i<j

Example 3.7.1 (Chen Shuwen, 1999, 2020)
Let
Po=af+a¥+ak+ak+ak+af (k=1357911)

and

G3=(P13_P3)/3

Gs = (P — P5)/5
G7=(P17_P7)/7

Go = (P — Py)/9 — (G3/3)
G, = (P111 _P11)/11 - (Ge?Gs)

then
G; G Gy
Gy G5 G3 + G,
G G, G+ G3G?+G
GE+2 Gn G7 1 5‘1 22 =a? +a} +a} +a} + a? + a?
s G3 1
G, Gs G3 + G,

Gy G; G+ G3GE+ Gg

Example 3.7.2 (Chen Shuwen, 2020)

Let
Po=af+af+ak+ak+ak+af (k=1357913)
and
G, = —P,
G3=(P13_P3)/3
Gs = (P — P5)/5
G7=(P17_P7)/7
Go = (P{ — Py)/9 — (G3/3)
Gz = (P® = P13)/13 = (G5GE + G3G;)
then
G; G Gy
Gy Gs G3 + G,
G 4 41013 Gf9 (;517+G3Gfat GGt Gl _ 2 i a2 ad+ad+a +ad)
G, Gs 613+G3

Gy G, G5+ G3G2+Gs
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Example 3.7.3 (Chen Shuwen, 2020)

Let

Po=af+a¥+ak+ak+af+af (k=-113579)
and

G, =P,

G, = —P,

G3=(P13_P3)/3
Gs = (P — P5)/5
G7=(P17_P7)/7
Go = (P — Py)/9 — (G3/3)

then
Gs(1+G_1G) Gy G4
Gy Gs Gy
Gy Gs G} +Gs
G2 + 2 — g2 4 42 24 22 1 o2 4 o2
T+ G+ G.G) G, . ai +a; +az +az+as+ag
Gs Gs Gy
G, Gs G+ G,

Example 3.7.4 (Chen Shuwen, 2020)

Let

Po=af+a¥+ak+ak+af+af (k= -1135711)
and

G, =P,

G, = —P,

G3=(P13_P3)/3
Gs = (P — P5)/5
G7=(P17_P7)/7
G, = (P111_P11)/11—(G§Gs)

then
Gs(1+G_1G1) Gy Gy
Gy Gs Gy
Gi1 G, G;+ G3G? + Gs
G4 4 — 2 2 2 2 2 2N\2
T+ G+ 6.6y G i, (af + a5 +a5+ai +as +ag)
Gs Gs Gy
G, Gs G+ G,

Example 3.7.5 (Chen Shuwen, 2020)
Let

Po=af+af+ak+af+ak+af (k= -3-1,1357)
and

G—l = P—l
G_3=—(P3,—P3)/3
Gl = _Pl

G3=(P13_P3)/3
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Gs = (P — P5)/5
G7=(P17_P7)/7

then
G:(1+G_1Gy) G4 G_3
Gs G, G4
G, — GG G G
G?+2 715 & ll—a?+ai+ai+ai+ai+al

GS - Glz G3 G3 Gl

Example 3.7.6 (Chen Shuwen, 2020)
Let
Po=af+af+ak+af+ak+af (k= -3-1,1359)

and

G—l = P—l
G_3=—(P3,—P3)/3
Gl = _Pl

G; = (P13 _P3)/3

Gs = (P? — Ps)/5

Gy = (P{ — P5)/9 — (G3/3)
then

G3(1+G-1Gy) G4 G_3
Ge G, G,
Gy — G4Gs — G,GsGs  Gs G2+ Gy
G, G, G
Gs G, G_,
Gs—G2G; Gy G

G+ 4 = (a?+as+a%+ai+at+al)?

Example 3.7.7 (Chen Shuwen, 2020)
Let

Po=af+a¥+ak+ak+af+af (k= -5-3,-1,135)
and

G.,=P_,

G_3=—(P3,—P3)/3

G5 = _(P—51 —P_5)/5

G, =-P

Gy = (P} — P3)/3

Gs = (P} — P5)/5

then
Gl G_3 G—S - G_lG_3
G: — GG G G_
G242l 2 153 1 1 =a?+ai+ai+ai+ai+al
G—l G_3 G_s - G—lG_3
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Example 3.7.8 (Chen Shuwen, 2020)
Let

Po=af+a¥+ak+ak+ak+af (k= -5-3-1137)
and

G.,=P_,

G_3=—(P3,—P3)/3

G5 = _(P—51 —P_5)/5

G, =-P

Gy = (P} —P3)/3

G, = (P{ —=P))/7

then
Gl G_3 G—S - 631(1‘_3
G, — GG, —G,G? G3+G; G(1+G_G
Gi 44l =G0 =00 G A0 GAFOAGIT_ (o2 ) 24 a2 40 + a2 + ad)?
G—l G_3 G_s - 6316_3

Example 3.8.1 (Chen Shuwen, 2020)
Let
Po=af+ak+ak+ak+ak+ak+a¥ (k=1,35791113)

and

G3=(P13_P3)/3

Gs = (P} — P5)/5

G7=(P17_P7)/7

Go = (P{ —Py)/9 — (G3/3)
G11=(P111_P11)/11—(G§Gs)

Gz = (P® = P13)/13 = (G5GZ + G3G;)

then

G, G, 0 1

Go Gs Gs G2

G, G, Gs G} + GsG,

GE+2 %13 gg GO7 GI6+G36113+6561 =al+a+ai+aj+at+ai+a?
s G3

G; Gs G3 G}

Gy G; Gy G + G5G,

G Gy G; GPf+G3G3+GsG,y

Example 3.8.2 (Chen Shuwen, 2020)
Let

Po=af+af+ak+ak+af+af+af¥+ak (k=1,35791113,15)
and

G, =-P,

Gy = (P} —P3)/3
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Gs = (P — P5)/5
G7=(P17_P7)/7

Gy = (P — P5)/9 — (G3/3)
G, = (P111 _P11)/11— (Ge?Gs)
Gy3 = (P{® — P13)/13 — (G3G& + G3G)

Gis = (Plls _Pls)/15_ (65/5 +053/3 +2G3GSG7+G§G9)

Gs
Gs
Gy
Go

G] + G3Gf + GsGE + G,

Gy
G3 +Gs
G? + G3G + Gs

then
Gy, Gs
Gi1 Gy
Giz Gy
G? +2 %175 GGlsl
Gy Gy
Gll G9
Gl3 Gll

Gs
Gs
Gy
Go

G] + G3G} + G5GE + G

Gy
G + Gs
G; + G3GE + Gs

Example 3.8.3 (Chen Shuwen, 2020)

Let

=al+ai+ai+aj+ai+ai+a+ad

Pe=af+af+ak+ak+ak+ak+af+ak+ak (k=1,357911131517)

and

G3=(P13_P3)/3
Gs = (P — P5)/5
G7=(P17_P7)/7

Gy = (P — P5)/9 — (G3/3)
G111 = (P111 _P11)/11— (Ge?Gs)
Gy3 = (P{® — P13)/13 — (G3G& + G3G)

Gis = (Plls _Pls)/15_ (65/5 +053/3 +2G3GSG7+G§G9)

Gi7 = (PY7 = P17)/17 = (G3Gs + GG, + G3GF + 2G3G5Go + G5Gy4)

then

Go Gs G; O 1
G G, Gs Gy G?
Gs Gy G, Gg G+ G364
Gis G, Gy Gy G? + G3G3 + GG,

G2 +2 Gi; Gz Gy Gy GP+G3GY + GsG} + G,G,
G, Gs Gy O 1
Gy G; G5 G G}
Gy1 Gy G, Gg G} + G3G,
G Gy; Gy Gy GP + G3G} + GsG,
Gis Gz Gii Gy GB+G3GP + GsGE + G,G,

Example 3.8.4 (Chen Shuwen, 2020)

Let

P, =ak +a¥% + a¥ + ak + ak + af + a¥ + ak + ak + d¥,

and

40
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then

41

Gz = (P13_P3)/3

Gs = (P{ — P5)/5

Gy = (P17_P7)/7

Go = (P{ — Py)/9 — (G3/3)

Gy = (P111 —Pyy)/11 - (63205)

Gis = (P® = P13)/13 = (G5GZ + G3G;)

Gis = (Plls — Py5)/15 - (G§/5 + 053/3 + 263656, + G3%G9)

Gi7 = (P} = P17)/17 = (G3Gs + G3G; + G3GF + 2G3G5Go + G3Gy1)

Gio = (PL° — P1g)/19 — (2G3G2 + G5G; + GsG2 + G2Gg + 2G3G,Gy + 2G3GsGyq + G2Gy3)

Gy G G5 Gy Gy
Giz Gy Gy Gs G} + G
Gis G Gy Gy Gls + G3G? + Gs
Gi; Gz Gy Gg Gl7 + G:’.G{1 + GsGlz + G,
9 6 4 2
G242 %199 %175 %153 %131 Gy + G367 + sz1 + GG+ Gol @2+ a2 +a+ -+ ad
G, Gy G, G Gl3 + G,
Gz Gi1 Gy Gy Gls + G3Glz + G5
Gis Gz Gy Gy G/ + GG} + GsG? + G,
G, Gis Gz Gig G19 + G3G16 + GG + G,GE + G,
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Identities 3.12. ( The generalization of the Girard-Newton Identities, Chen Shuwen, 1997, 2017, 2020)
Let n and m be positive integers, k be integer. Denote

a¥+af+-+ak— (bF+bk+--+bk) fork+0

R, = _blbz by fork = 0
aa, ...ay,
and let
U =R,
Uy =Ry +URy_1 + URy_; + -+ Up_1R))/k, fork > 1
Up =Ry
U_1 =RoR_4

U = (RoRk + U_yRpy1 + UyRyq2 + -+ UpyaR1)/(=k),  fork < -1

and let
0 (k<0) iy
=" - (k<m-—n)
Sk =VYr+ 6 where y, =<1 (k=0) , 5k={ m+n
0 (k>m—n)
U, (k>0)
and for 0 <t <n,let
Dy
Dy 41
Dy 2
W‘n,k+t = Dk+n—t—1 ) Where Dk = [Sk Sk—l Sk—Z Sk—‘n,+2 Sk—‘n,+1]
Dk+n—t+1
Dk+n
- Dk+n+1 -
Then
n m
i=1 j=1
and
Whk+1
w,
nk+2 =aqa, + a.a; + -+ a,_q1a,
Wnk
w,
nk+3 _ 10,03 + 010,04 + -+ Apy_r 010y
Wnk
Woean _
Wnk 1a,043 ...4y

Remark. Here we generalize The Girard-Newton Identities from the case of k > 0 and m = 0 to the case of any
integer k and any positive integer m, n. It is useful for solving the Generalization of Prouhet-Tarry-Escott

Problem and Equal sums of like powers system, which will be discussed in Chapter 5.
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Example 3.9.1 (Chen Shuwen, 2017, 2019, 2020)

Let

=
Y
I

R9=

And

-~

and

W, =

Then
Wys

a?+a3+a3+a?—b?—b2—b-

b} — b?

al+a3+ad+al—bd—b3—b3—bi-b

at +aj + a3t +af — bt — b3
aj + a3 + a3 + a3 — b}
a +as +a +a$ — b?
al +aj+al+aj,—b] —b]—b]
a®+ a8 +al +af —bd—bs

aj +aj +ad +aj —b?

S =(Ry)/1
S, =(Ry+ S4Ry)/2

S; = (R3 + SR, + S,R1)/3

Sy = (R4 + S1R3 + SR, + S3Ry) /4

Ss = (Rs + SRy + S,R3 + S3R, + S4R,)/5

S¢ = (Rg + S1Rs + SyR, + S3R3 + SR, + SsR,) /6
S; = (Ry+ SiRg + SyRs + S3Ry + S4,R3 + SsR, + SgR1)/7

Sg = (Rg+ S1R; + SyRg + S3Rs + S4R, + SsR3 + SgR, + S7R,)/8

Sg = (Rg + S1Rg + S,R; + S3R + S4Rs + SsR, + S¢R3 + S;R, + SgR1)/9

Si0 = (R + SRy + S;Rg + S3R; + S4Rg + SsRs + S¢Ry + S;R3 + SgR, + SgR1)/10

_=a1+a2+a3+a4

W24—

W24—

Ryp = a® + al® + ai0 + al® — b0 — h30 — 10 — p10 — p10 -

Se S5
S7 Se
WZS - 58 57
510 59
S7 Se
Sg 57
W28 - 59 58
510 59

7
= a,a,0as + a,a,0a, + a,asay + a,aszay

— b} — bf — b?

~ b3 — b3 — b 1§
— BS — b — bY — bE
—b]—bl
BB — b — b
B —bY— b2 —bY —

Rl=a1+a2+a3+a4_b1_b2_b3_b4_b5_b6

_bg
_bg
_bg
_b65
_b66
_b67
_b68
bg

10
bg

S, S Se Ss S, S
S S, W] s s oss
Se S5 7S Sg S; Se
58 S7 SIO 59 SS 57
S S,

Se S5
57 56
Sg 7

w.

j = a.a, + a,as + aas + a1y + a,a, + A30,
W24-

@ = a.a,asa
W24_ 1424344

Remark. This identities is for solving the Prouhet-Tarry-Escott Problem of the below case.
ak + af + ak + af + af + a¥ + af + a¥ + af + ak + af,

= bg + b + b5 + b5 + by + b§ + b + bl + b + b + bl
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Remark. For the above Example 3.9
Si=a,+a,+a;+a,—by —b, — b3 — b, —bs — by
S, =a?+a,a, + a? + aya3 + ayas + a3 + aja, + aa, + aza, + a? — a;b, — azb; — azb; — asbh; — a b,
—a,b, — azb, — ayb, + byb, — ay;b; — a,b; — azb; — a,bs; + bybs + b,b; —a, b, — ayb,
—agb, —aub, + b;b, + b,b, + bsb, — a;bs — a,bs — azbs — aybs + bybs + bybs + bsbg
+ bybs — a;bg — azbg — asbg — azbg + byibg + bybg + bybg + bybg + bsbg

Sy =ad} +ata, + a,ai + a3 + afa; + a,a,a; + atas + a a3 + ayai + a3 + ata, + aja,a, + dia, + aaza,

+ A + a3b5b6 + a4b5b6 - b1b5b6 - b2b5b6 - b3b5b6 - b4_b5b6

ki ko k3 k
Sk = ay' @y az’ay* (—by)'*s (—by)*e (—b3)7 (=ba)" (—bs)*® (—be)1°
0<ky Kz k3ka<k
0sks ke k7kg ko kios1
k1+k2+“'+k9+k10=k
and
W24 = Sg - 35556257 + 552572 + 25456572 - 53573 + 25525658 - 25456258 - 254555758 + 253565758 + Sjsg
- S3SSS§ - 5359 + 254555659 - 5356259 - 54?5759 + 53555759
WZS = 56357 - 25556572 + 545'73 - 5556258 + 25525758 - 5357258 - S4SSS§ + S3S6S§ + 5525659 - 5456259
— 54855759 + S3865759 + S§SgSe — S35555Se — SES10 + 2545556510 — S35 S10 — S§S57510
+ 535557810

W26 = 562572 - 55573 - 56358 + 5457258 + S4SGS§ - S3S7S§ + 5556259 + 5525759 - 354565759 + 5357259 - 54555859

+ 8386550 + S§S§ — S38555 — SES6S10 + SaSES10 + SaS5S7S10 — S35657510 — S§SsS10
+ 535254510
Wy, = SS3 — 2525,Sg — SsS2S + 2555452 + 545,52 — 353 + S3So — S452Sy — 52559 — S456SaSs
+ 2835,55S + S4S555 — S35655 — S55S10 + S257510 + S4S6S7510 = $357S10 — SaSsSsS10
+ 535¢S8510
Wy = S — 35,525 + SZS2 + 255,52 — 5,53 + 2525,y — 2555259 — 2555SaSe + 2545,5aSs + S252
— 548655 — SES10 + 2555657510 — 5457 S10 — S5SsS10 + S4S65sS10
and
Wa4 = (ay — by)(ay — by)(ay — bs)(ay — by)(ay — bs)(a; — be)
X (az — by)(a; — by)(az — bs)(a; — by)(az — bs)(a; — be)
X (as — by)(az — by)(asz — bs)(az — by)(az — bs)(az — be)
X (ay — by)(ay — by)(ay — bs)(ay — by)(as — bs)(as — be)

Example 3.9.2 (Chen Shuwen, 2017, 2019, 2020)

Let
Ri=a,+a,+a3+a,—b,—b,—b;—Db,
R, =a? + a3+ a% + a2 — b — b? —b% — b2
Ry=al+a3+a+a—b3—b3—b3-0b}
R,=af+ a5+ a3 +a}—bf—b;—bs—bi
< Rs=a}+a5+a3+a;—b}—b—b5—b3
Ry =al+aS+a$+aS—bS—bS—bS—bS
R, =al +a} +a}+al—b] —b] —b] —b]
Rg=al+al+ad+al—b®—bS—bE—b3

and
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S =(R)/1

Sy = (Ry +51Ry)/2

S; = (R3+ S1R, + S,R,)/3

S, = (R4 + SiR; + SR, + S3R,) /4

Se = (Rs + SR, + S;R; + S3R, + S4R,) /5

Se = (Rg + SiRs + SR, + S3R3 + S4,R, + SsR,) /6

S; =(R;+ SiRg + SR + S3R, + S4Rs + SR, + SgR) /7

Sg = (Rg + SiR; + SR + S3R: + SRy + SsR; + S¢R, + S;R,)/8

and
Se S3 5 5 Se S35 5 Se S3 5 5
S5 Sa S50 S, S5 Sa S50 S, Ss Sy S35,
Wis =1s, s 5,0 5 Wir=lss 85 5. s Wie=ls, 5o s s,
S7 Se S5 S Sg S7 Se Ss Sg S7 Se Ss
Se S35 52 5 Ss Sa S35
Se¢ S5 Sa 53 Se S5 Sa 53
Wiy = S, S¢ S5 S, Wao = S, S¢ S5 S,
Sg S7 Se Ss Sg S7 Se Ss
Then
Wie = (a; — by)(a; — by)(a; — b3)(ay — by)
x (a; — by)(a; — by)(a, — b3)(a, — by)
x (a3 — by)(asz — by)(az — b3)(az — by)
X (ay — by)(as — by)(as — bs)(as — by)
and
Wi, Wig
W_=a1+a2+a3+a4 W_=a1a2+a1a3+a2a3+a1a4+a2a4+a3a4
16 16
Wig W
W— = a1a2a3 + a1a2a4 + a1a3a4 + a2a3a4 W_ = a1a2a3a4
16 16
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Example 3.9.3 (Chen Shuwen, 2017, 2019, 2020)

Let

and

and

46

Ri=a,+a,+az+as—b; —b, —b;— b,
R, =a? +a%+a3+aj— b} —b?—b:—b;
Ry=al+a3+a+a}—b}—b3—b3-0b}
Ry, =af +aj+aj+aj—bl—b)—bs— by
Rs=aj+aj+a3+a;—by—b3—b3—b;
Rg =al +aS +a$+a$— b —bs —b§— b
R, =a] +a} +al+aj—b] —b]—bl—b]
Rg=ad +a§ +al+al —b?—bs —bs— b

Ry =al+a)+aj+a)—b]—b)—bl—b]
bib,bsb,

0 =
a10,0304

Ro=—+—+—s+—s—5—g—s——

27 a2 a2 a? a2 b? bZ b b2
R 1+ 1 1 1 1 1 1 1
AT AR
S =(Ry)/1

S, = (Ry + S1Ry)/2

S; = (Rs + S1R, + S,Ry)/3

Sy = (R4 + S;R3 + S,R, + S3R,) /4

Ss = (Rs + S;R, + S,R5 + S3R, + S4R,) /5

S¢ = (R + S;Rs + SyR, + S3Rs + S4R, + SsR,) /6

S, = (Ry + S;Rg + SyRs + S3Ry + S4Rs + SsRy + SgRy)/7

Sg = (Rg + S1Ry + S,Rg + S3Rs + S4Ry + SsRs + SgR, + S;R,)/8
So = (Rg + SiRg + S;Ry + SsRg + SyRs + SsRy + SRs + S;R, + SgRy)/9
So=1+R,

S_; = (RoR_1)/1

S_y = (RoR_y + S_1R_1)/2

S_s = (RoR_3 + S_1R_, + S_3R_,)/3

S, Si So S S Si Sy S S S So S
N I A A I
So S S S| 0TS S s s | RTS8 S s,
S5 Si S S, S S5 Si S S S5 Si S
S5 S, S So S5 S, S So S5 S S So
Si S5 S S| _|Se Ss S S| S S S S
S5 Si S5 Sp| VBT|Ss Sa Sy S| VTS S5 S, S
Se S5 Si Ss S Se Ss Si S Se Ss Si
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S, Sy S, S, S, Sy S, S, S S3 S, S, S, S S, S,
Sy Sy S5 S, s s, oSS, Sy Si S5 S, Se S5 Sy Ss
Wie =15, 55 S, | M7 7|5, 85 5, S| V8= s, s 85 s, | V0T |s, s, S s,
S, Se S5 S, Se S, Se Ss Sy S, Se Ss Ss S, Se Ss

Ss Sy S5 S, Ss Sy S5 S, Ss S, S5 S, Ss Sy S5 S,

ss s s s se s s s, e s s, s s, s s, s,
Wao =15, 5o 85 S| W17 |s, 5o 8s 8| W2 T s 5, 56 S| V3T |8y s, S S
Sy S, Se Ss Sy Ss S, Se Sy Ss S, S, Se Sg S, S

Then

Wg /W16 = 1/(afasa3a3)

Wo /W6 = (a1 + ap + az + a,)/(afa3a3ai)

Wio/Wie = (a1, + ;a3 + @03 + @404 + ap04 + aza,)/(afa3aiaj)

W11/Wie = (a1a2a3 + 010,04 + ay03a4 + aya3a4)/(afa3aia3)

Wip/Wie = 1/(a1aza3a,)

Wiz /Wie = (a1 + a; + az + a4)/(a1aa3a,)

Wiy /Wie = (a1a; + asa3 + azaz + a1a4 + aza4 + azay)/(a;a2a3a,)

Wis/Wie = (10203 + a1a,04 + a1a3a4 + aza3a4)/(a1aa3a,)

Wie = (a1 — by)(az — by)(az — by)(as — by)(ay — by)(az — by)(asz — by)(as — by)(a; — bz)(a; — bs)(az
— bs3)(ay — b3)(a; — by)(a; — by)(az — by)(as — by)

Wi, /Wie =a1 +a, +az +ay

Wig/Wie = a1a, + a1a3 + ayas; + a1a4 + aya, + aza,

Wio/Wie = a1a2a3 + a102a4 + a1a3a4 + aza3a4

Wao/Wie = aiaaza,

Wa1/Wie = a1azaza4(a; + a; + az + a,)

Wy [Wie = a1aya3a4(a1a, + a1a3 + azas + a1a4 + aya, + azay)

Was/Wie = a1a,a304(a1a,a3 + a1a,04 + a1030,4 + a,030,)

Identities 3.13. ( The generalization of the Girard-Newton Identities, Chen Shuwen, 1997, 2019)
Assume

0<n<m

Let

Ry=af+ak+-+ak— (bf +bf+--+bk), fork+0
and

T, = R,

T, = (Rx + TyRyey + TyRy_p + -+ Ty_yRy)/k, fork >1

To =Ry

T_, = RyR_,

Tie = (RoRk + T—1Ry4q + T—2Rp42 + - + TyyaR-1)/(=k), fork < -1
and
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Sk = (D™ " Te_msn » fork <-—1
SO =1+ (_1)m_nTn—m
S =T + ()" "y _ppyon, forl<k<m-—-n

S =Ty, fork=m—-n+1

{Uﬂ,k = 1
Uik = Sk

andfor 2<h<nand 1<t<h-2

and

Uy = Up—1,(i-1k = Un—1,(i-1)(k=1) Un-1,(h—1) e+ 1)
' Un—2,(h-2)k
Up s = Un-1,th-1k+ 1) Un-1,(h-1k+t-1 — Un—1, (i) (e 2) Un—1,(n—1)k—h+t 4 UnnieUn—2,(h-2)(k+1)+t
' Un—2,(h-2)(k+1) Un—2,(h-2)(k+1)
Unonos = Un—1,(h-1y e+ ) Un—1,(h—0)k+h—2 — Un—1,(n-1)k+2) Un—1,(h—1)k—1
' Un—2,(h-2)@k+1)
and denote

Wi+t = Unni+e (or Wy == Up;)
then for any k, we have
(1) When n=0

Sy,=0
(2) When 0 <n<m

n m
Wam = | | | | (a;—b)
=1 Jj=1
Wnk+1
_=a1+a2+"'+an
Wnk
Wnk+2
- = aqQ, + a,as + -+ An_10an
) Wnk
Wnk+3
= aqa,0a3 + a,a,0y + .-+ Ap_2apn_10an
Wnk
Wnk+n = aa-d a
\ Wnk 14243 - Un

Remark. Identities 3.13 and Identities 3.12 are equivalent. Identities 3.12 looks more simple, but need to calculate
determinants. Identities 3.13 is much more useful for searching the integer solutions of the Prouhet-Tarry-Escott

Problem by using computers. This will be discussed in Chapter 5.

Chapter 4. The Generalization of Ramanujan Identity
To be completed. For some previous result, please see my below site.
http://eslpower.org/Identity.htm

Chapter 5. The Generalization of the Prouhet-Tarry-Escott Problem
To be completed. For plenty previous result, please see my below site.
http://eslpower.org

http://eslpower.org/eslp.htm

http://eslpower.org/TarryPrb.htm
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